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The Reduction of Certain Abelian Integrals with 
Application to the Summation of Infinite 
Series of Legendre’s Functions 

by 

A mat. Chandra Choudhtjry 
(i Calcutta University) 

1 The object of the present note is to reduce certain abelian 
integrals to elliptic integrals The method of reduction followed 
here is the direct change of variables I have made an application 
of some of these reducible abelian integrals to the summation of certain 
senes of Legendre’s functions of non-integral parameters m terms of 
elliptic integrals 

1 wish to express my thanks to Professor Ganesh Prasad for 
the keen interest lie has taken in this paper, 

2 Consider the reduction of 

f r- CD 

OhaDge the variable in this integral by-means of the relation 

a? 3 — 3gr fl £c — g& =z w 

Then from the Cardan’s solution of the cubic, 

x 


where 
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If we put 


*~ V g t +z n +2g\ +V g a + t m -2g f 


*“ V g t + » m +tg\ ^g t +i 9 -*g 


and therefore 


we get 


and 


duz 


mz m ~ l dz mz m ^ 1 dz 

' + " 


Now 


therefore 


2v/ 0 S +* m +%i 

'rnz*“ 1 dz u 


2^(sr, + *T-4sr* 

—mz m ~ l dz v 


dv~~ 


2 V(gz + z m )—4ig 


£C=p^+^ 


- 0 . Hi )* 


_i_ 

V 


,12 (*f .fM 

*” 2^ 3 l«* 


2* m£2 £z_ 

3 Ag s +* m ) 1 -4£rS 


A * 


(as* -4 S r,)*=i|(«*-u T ) 


WUi^J 


REDUCTION of oebtain abelian integbals 


3 


/ ^ 


m f 

3 J 


dx 


5g t x-g a )» 
z m ~*dz 


—becomes equal to 


*%»+*”)* ~%s 

z m ~ a dz 


( 2 ) 


jn_ f z a ag 

3 * v^+aF+l 

where a=2gr, and6=^|-4^| 

(2) is reducible to elliptic integrals when m= 3, 4, 6, the last 
cttse, v%z , of m=6 having been considered m my previous paper The 
case m.=2 of (1) is well known as was first reduced by Hermite 

3 Next take the abelian integral 

d<j> 


! tt , 


(l-fc a sin 8 ^ 
wliex*© tn is 1 or 5 and &=cos a 

Putting 1— cos 2 a sin 4 </>=« 6 sin a, we get the integral reduced to 


— 3(sm of* 6 J 


n dx 


V(i 8 ^sm a'jfl — x 6 sm a) 


Tlio reduction of this integral to elliptic integral is known* 
when *m=5, and 

J (1— -cos*a sm*^>) 6 ^ 1 V'fi ' ^ ) 




* 3ee my paper in Vol 25 (pp 159-166) of this Bulletin I take thiB oppartunity 
to mention the fact that m his paper, entitled “On the reduction of certain 
Abelian Integrals by Trigonometrical Substitution,” Mr B Dayal obtains the result 
for by means of a trigonometrical transformation This fact has been brought 

to ray notice by Prof 0- Prasad , Mr Dayal’s paper will appear soon in the 
JPvw. B. Af. 8*t ^ol 15 v 
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when ra=l 


r 

J (1 — cos* a 


(1 




=f 1 {7r , ' I(, ’ 8 's- )+ :3F' r " ( s-»-|) }■ 

where a?* = 2 z and 3 y=- ^-ITf , c being sin a+cosec a, 

a;* « a — 1 

4 Let us make an application of this reduction to the summation 
of certain senes. 


The senes 


P^cosh <r)+£rP^(cosli <r) + r»P^Ccost <r) + IJL y| r 8 P^, (cosh <r) 

+ . , 

has a sum 

2 r2 d 4 

ir^e* — r) ** ’l (1— k* sin^)® - 

2 8 inh or 

k* standing for — and r<e“ <r 

e — v 


Now 


f 2 efy 

o ( 1 — cos“asin*<£)^ 


=— 3 (sma)^J 


(sin a) * 


%*d : r 


(coseoa)* ^(••*gma)( l-i'ema) 


= — 3 (sin a)^ j 


(sm a)® 


( 14 -J>*)day 


v'(»°-«sin a) ( 1 — *t> ®~£iw"a) 


=i ^V(i, 8 .-!) 


I 
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Therefore the sum of the series 


P_£(Cosh <r)+irP,(cosh <^) + ~ r*P (cosh <r)+ .. 


tr (e'-r)* ' 2 

Similarly the sum of the series 


C« 3 - o 


P_*(cosh cr) +frP,(cosh <r)+g-~ r*P^(cosh tr) + „, 
is IelEj »-x (y o 0 \ 

* U’ 3 >~ 2 j 

The two senes seem to he related The relation becomes evident from 
the following considerations 

P n _-, (cosh cr)=i f < ^ 

^ ^ o (cosh tr+sinh <r cos <£) n+ ^ 


wheie 


_2 1 r2 do 

17 e^* 4 *) J 


i (1-Tc* Bin'd)' + i 


hi= 2^hjr t 

* «**«■ v ft * 


2 1 /-2 do 


7r f; 


(1 —& 9 sm 4 (9)T 


x =P_i(cosh <r) 


2 i r 2 . 

~ ,< r / ' » ==P 1 (cosh(r) 

w e T ; , (1 — ft* sin'0) T "* V ’ 


Prom the properties of Legendre’s functions, 
P -i =P -i-- 

Hence if we taice a new quantity cr 1 such that 
smh <r x sinho* 
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so that 


-a<Tj — y 


P_|(oosh (r)+-J^Pi(cosh <r)+J^ r*P|(oosh <r) + 


a/6» 


» (l-2r cosh <r+r 4 )iV 

1 




(1—2 r cosh cr+r 4 ) 


— P_ B (cosh <r y ) 


nr “o' 


and 


5 11 


V^GOBh or) +-frP + ^( cosh cr) + ~»Y^y s Py (cosh cr) + . 

= 1 «-i (j.,s,-£ ) 

* (l~2r cosh <r+r 9 )** V2 2/ 

= X p ^i(° osil °i ) 

(1— 2r cosh c r -f r 9 J" 19 * 


cosh or— r 


cosh <r l =— i * 

(l-2rcosh or+y 4 ) 9 

Similarly the sums of the following senes can he found — 

Q_|(cosh cr) + ^rQ^(cosh <r)+ r 4 Q^(cosh or) + .. 


= , or x ) 

(1— 2r coshor+r 4 ) 19 * 


and 


5,11 


Q_j(cosh cr) +-JrQ^(cosh cr) + r fi Q_^(cosh <r) + . # 

-= r Qla.(cosh o-J 

(1 -2 r cosh o-+r 4 ) ** 


where cosh 0 ^=- 


cosh <r— r 


(1— 2r cosh 0 -+ 



SEDUCTION OS CERTAIN ABELIAN INTEGRALS 
Lastly we shall find the sum of the senes 

Q/(oosh <t)-£ Q7 T (cosh <r)+| Q"^(oosh <r)— 


It is known* that 

Q* t (cosh or) = ( — i) w — l)IL( — £) sinh’V cos n < b dcf> 

v o {2(cosh or— cos 0)} m+ ^ 

Let S denote the sum of the series 

e. ( -i)-ta =Ea=B ( „ mW) -+ 

r 

r ~ i d<t> 7T- / 4 oos (2 P — 1)* •) 

{ (cosh O— cos g pi } 

Now 4 r_-n * -1 008 ( 2 P— 

( 2p — 1 4~ as cos $ 18 positive 

7T 

£ as cos <p is negative 


Therefore 

Sss /t 

4^2* U 




-/ 


4^2 

it 
2 ~ 


d& 


(cosh cr+cos 0)"“ 


(cosh <r— cos <jf> 

] 


/ 


where 

But 

7 r 

2 


<£ = 7 T — 0 


d <9 


(cosh <r+cos 0)* / 2 cosh 


*>* (2 cosh j yJ 


f 4 

? * (1— ft* sm'X)* 


where X=_, and fc*=seoh* Z. 
2 2 


* W’ Hobson, Phil, Trans, , A , Vol 187,1896, 
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Also 


d<f> 


f2 — 

{ (cosh o— cos <j>)^ 




dcj> 


ty 


oosh <r— 1 + 2 sm a 

% rg d\f/ 

(1-fr 

4 


T [2 

(2cosh»| f l ~ k3 sin '^ 


where & a = seoh a ~ and sm ^ =cos xj/^ 
2 2 

Therefore 


g_r ir »ro-*)n(-*) (smh <r)-l f rl 

avl A. 2 \* l-L ri— a* 


dip 


(2 cosh (l-ft'am**)* 

_ rj <a. 1 

0 (1— & s sm a A,) T J 


Thus S can be expressed aa a sum of elliptic integrals After some 
easy calculations we get 


n (—*) 
4Vsmh <r 



where % and y are expressible m term of <r, though the actual 
expressions are very complicated 

Exactly m a similar manner we can show that the sum of the 
series 


(cosh or)— J- (cojsh <r)+-j- (cosh <r) 

ft £ 


is 


(_ * )n( i 1 fA-«-»(i. 3 .-£)-r' (*, 3 , 4 ) ) 

4 Vsinh <r 1 */Z 2 / \ 2 /J 


Bull. Cal Math. Soc , Vol. XXYI, No 1 ( 1984 ). 
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On some results involving Bessel Functions 99 

N G 4 Shabde 
(Edinburgh University) 

1 The object of the present note is to obtain some integrals and 
senes involving Bessel functions The results on account of their 
general elegance seem to be worthy of being placed on record The 
results appear to be new 

2 We take Bateman’s expansion* 

(21) j,J 0 (A/r .)= n i(4n + 2)P,(l_2 At )J i „ +l (*) 

wbioh. is valid and uniformly convergent for 0^u<^l This gives 
for _ 1< /X <1 8 

( 2 . 2 ) fxJ 0 (Vu. x)u * (!—«)““ 


“,?o ( 4n + 2 ) J ..+i0<0 j*P,(l■-2M)w^ , (1 — m)"^ du 


= *860 s* jg (4n+2)J„ +l («) F,W 


On Bxpansion of an arbitrary funotion 
Mess of Math , 86 (1907), 81-87 

2 


in a senes of Bessel functions, " 
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where F n (fO is a polynomial discussed recently by Babe**' 
defined as 

1 , *• )= Je/’.IW, W < 1 - 

On putting «=sm*0 in tlie left hand side of (2 1) we have 


an * anti 




f J 0 (a? sm 0) tan^ 0 d9=£- sec ^ ;> (4n+2) J * »-* 

J Vjs 6 *s=o 

o 

(2 3) -1<><1 

3 We have t again 

(31) r J o ( r oos 6 cos <o) J 0 (r sm 6 sm <■>) 

= 5 (-1)*(4w+2)J, k+1 («-)P.(oos 26 ) P » C *' OM «“>» 

n=o 

(32) rJ 0 (roosfl v'l — u) J 0 (r sm OVu) 

= 2 (-l)“(4»+2)J„ +l (r) P„(cos 20)P„(l-2«) 

i» = 0 

which is valid and uniformly convergent for 0<jw<jl 
This gives when — 1 </x<1 


or 


r _ M+ l 

(33) I J 0 (r cos 0a/1— w). J a (r sm 9,Vu) du u * (1— u )** 


Ml » 
t 




(— l)*(4»+2)J,, +1 (r)P,(eos 26) 


/ P. (1- 


-ft+V Ml % 

' (X— /4) * ,t/ W 


* “Some properties of a certain set of Polynomials,” Toh 6 ku AT nth * 

37 (1933), 23 38* 

f Bateman, “A generahsation of Legendre Polynomials,” Proc* I^otuhm ht'ith 
So 0 , (2), 8, (1906), 111-128, 116, 




= 2 (-l)*(4»+S)J.. +1 (r)f.(oos2fl)P.( M ) 

2rcos n 
2 

4 A particular case of Sonine’s * integrals gives 

• tt / m + q—1 \ 

f J„ (mx) <c*ax={ ~ ) l 1 g <^ an d 

o \ >» / «l JJ £-1 ^ 

R (to+?+1i>0 

We take in (4 1) m > 0 and — l<g<£ 

To (41) we apply the converse of a Founer-Bessel Integral 
theorem given by MacRobert,+ 

that 

a 

(4 2) If /(X)= f<t>(pyJ p (pXfpdp 0<,p<i flien 

J> 

to 

/ + + 0) | ,23<w<g, 

o ** 

0<m<p or m >2 


* Annden, Bd 16 

f “Fourier Integrals,” Proc Royd Soc M Edm , 61 (1930-31), 121 
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this gives at once 


® i n/ P+ S L ^ 

<«) /(? ) ^r-b - ■ *= 


1 <</<) 


in this case ^ A — ^ /(A) =A a when q=0 this red**-*? *■**"* * ’ ’ 
(0 

14) fr p (p\)dp= , \> h 


given by MacRobert in bis paper ( loo cit , p 123). 

5 Taking tbe expansions 

(5 1) ajJ 0 {a? cos 0VM— «*} sm 0 u \ 

= i (— l) n (4»+2)J 1 , +1 (*)P,(cos I %(!-&»• i 


P,(l— 2 m*)P,(1— 2m 4 ) 


■i ) p -- « 


where Og><jl, A r = ? - , #>4 and A_ r = 1-- ^ T ^ * 

and making use of the integral* by Mitra 


(5 3) f e -»‘*P n (l-2M*)<2M=I. +i (fc) K m+ |(J.) 


* “ On certain integrals and expansions involving Bessel Panot;ion«i ** Bull, t'nf 
Math Soe 25 (1983), 81-98 
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we get 


(54) Jj 0 (*/l—u* x cos 6)J 0 (ux sm 6)e~ 2Uh du 


=7 2(-l)‘(4»i+2)J t . +I («)P. (cos 20)I» + i (h) K, + i (ft) 

X »= 0 * * 


and 


(5 5) J P y (l— 2 m 9 )P 3 ( 1 — 2 w a )e -a 


du 


— 4? Ag-r A r A f _ r / 2y> + 2g — 4r + l \j tt- 

r=o A p+f _, V2p + 2 g -2r+l / K “*+ I -»r+jW 


6 Finally as a particular case of a result by Chaundy * we obtain 
an interesting integral involving Bessel functions 

Chaundy' s result runs as 


( 61 ) 


2K /u< (a)E v (2!) 


=/^‘ + ‘-'>’ W i,i<r-r) < rf -'> K «, + v) «*« ■% 


R(g;) being greater than zero 

Taking z to be real (=&) ; /x=v+l and Remembering that 

w *,i(r)= r (»>s[ K "(fe)- E >(s)] 


* Quarterly Journal of Math , 2 (1931), p 153, result (40) <f On Products of 
Bessel’s Functions,” pp 144-154 
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at. g shabdb 


we have 

(62) 2K m (»)K y (.) 



00 

/■ 




[ E -(l )-=■(&)] 


xK 


v+i 



Bull Cal Math doe., Vol XXVI, No. 1 (1984), 
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On a certain lemma with applications to the 

THEORY OF DERIVATES 

BY 

A . N Singh 
(Lucknow ) 

1 The denvates of functions have been studied from two different 
stand points In one case particular conditions have been imposed 
on the functions or on the derivates and the character of the denvates, 
especially as regards the existence of the differential coefficient has 
been studied Results of this type of study are some well known 
theorems, eg „ the theorem about the existence of the differential 
coefficient almost everywhere of a function of bounded variation 
given by Lebesgue* * * § for the case of continuous functions and then 
generalised by W H Youngf and Montel J The generalisations of 
the mean value theorem given by W, H Young and G C Young§ 
and A N Singh, || belong to this type of study On the other hand, 
attempts have been made to investigate the character of the sets of 
points at which the differential co-efficient does not exist, and at 
which there exist certain given relations among the values of the 
denvates IT Tho study of the metric character of such sets has 

* Lebesgue, Leqons sur Vintegration (1904) , p 126 

f W H Young, Quarterly Journal of Mathematics , Vol XLII (1911), p 79, 

X Gomptes Rendus f Vol OLV (1912), p 1478 

§ W H Young and Or 0 Young, Quarter ly Journal of Math , Vol XL, p 10 
|| A N Singh, Bull Cal Math Soc , Vol XIX (1928), pp 48-49 
T A study of the character of the sets of continuous functions possessing given 
peculiarities as regards their denvates has been recently made by Banach [Studta 
Math , Vol III (1981), pp 174 179), Mazurkiewicz'ftffttdta Math , Vol IH (1931), 
pp 92-94], Saks [Fundamenta Math , XIX (1932), pp 211-219] and Jarnik IFunda- 
menta Math , XXI (1983), pp 48-58] 
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reached a degree of finality and the general result established may 
be enunciated as follows If f(x) be any function , finite at each point , 
and if a set of measur e zero be left out of account , then the denvates at 
the other points may have one or more of the following characteristics 

(1) they are finite and equal , 

(2) the two upper denvates are +oo and the two loioer denvates 
are — oo, 

(3) the upper denvate on one side is + oo, the lower derwate on the 
other side is — oo, and the other two denvates are finite and 


The above theorem was first proved for the case of continuous 
functions by A Den-joy * * * § It was extended to the case of measurable 
functions by G C Young f Some of the above results have been 
shown to hold for all functions measurable or not by M Banach}: and 
Saks § There are, on the other hand, some results given by W H 
Young whioh relate to the descriptive character of the set at which 
the denvates of a function possess a given peculiarity For example, 
we have the theorem ; 

The points at which one at least of the denvates of a given function is 
infinite form an ordinary inner limiting set || 

The present paper gives an investigation of the denvates of a 
function along the above lines In this paper I restrict myself to 
absolutely continuous functions and to functions of bounded variation, 
and investigate the properties of the denvates of such functions m 
relation to sets of the seoond category Of the results obtained about 
absolutely continuous functions may be mentioned the following . 

If /(* r ) be an absolutely continuous function , and if one of the four* 
derivates of f(x) be known to be zero at each point of a set OG complimen- 
tary to a set G of the first category m ( a , &), then f(t) is a constant 
throughout (a, b) 

* Journal de Math (7), t I (1915), p 105 

f Pm bond Math Soc. (2), Vol XV (1916), p 800 

X Compte8 Pendm, t 108 , see also Rajohman and Saks, Fundament a Maflie* 
mattcae t t IV (1923), pp 204-213 

§ Fund Math , t V (1924), pp. 98 104 

|| Arktv fbr Matematik } Astr och Fysik , Vol 1 (1908) , see also Brod^n, Aofa 
wrn hmd, Vol XXXIII (1897), p 31 
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It is well known that the similar theorem when f(x) is taken to 
be continuous lequnes one of the derivates to be zero everywhere 
except at an enumerable set * The above theorem can be applied 
at once to prove the equality except for an additive constant of two 
primitive functions if they have the same derivates everywhere except 
at a set of the first category A similai result regarding functions 
of bounded variation may be given Of the various results relating 
to the derivates of functions of bounded variation may be mentioned 
the following 

If f(x) be of bounded variation m (a, 6), then one of the four derivates 
of f(x) can not be gi eater than P«/(h — a) everywhere in (a, b) exception 
being made of a set G of the first category m (a, b) } at which nothing is 
known as regards the values of the derivates , P„ being the total positive 
variation of f(x) m (a, b) 

A corollary of the above result is 

One of the four derivates of a function of bounded variation can not be 
infinite at all points of a set OG which is complimentary to a set G of the 
first category m (a, b) 

According to the theorem of Young quoted above, the set where 
one of the derivates is infinite is an ordinary inner limiting set and 
is therefore of the second category if it is everywhere dense The 
above corollary shows that this set can not be the compliment of a 
set of the first category This vesulb can be utilised to divide an interval 
(a, b) into two everywhere dense sets of the second category f 

Another interesting result regarding functions of bounded variation 
is 

Every function of bounded variation possesses finite derivates at each 
point of a set of the second category 

Al l the results of this paper are believed to be new Tbey depend 
on the following lemma 

If with each point of a set CG m ( a , b) there is given one interval A 
with that point as left {light) endpoint , and with each point of the compli- 
mentary set G all intervals 8 tending to vero (in length ) with that point 
as left (right) end point , then, provided that G is a set of the first category 

* See Hobson, Theory of Functions t etc , Vol I (1927), p 36S 

f Mahlo (Leipz Ber , Vol LXV (1918), p 283) has developed another method 
by which such a division can be made 

3 
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in (a, b), there exists a chain of A and S intervals reaching from a to b 
and such that 


m. A > (6-a)— 9, 

where y is any arbitrarily small positive number 

Two proofs of this lemma have been given The first proof 
establishes the possibility of giving a method by which a chain of A 
and S intervals may be constructed in (a, b) The second proof gives 
a law of construction which applied successively will lead to the 
required chain of A and 8 intervals It is believed that the chain 
is not unique and that different methods of construction would give 
different chains 

It would be interesting to obtain independent proofs of the theorems 
given m this paper without the use of Lemma II 

2 Lemma I If 00 be a set complimentary to a set of the first 
category 0, it is possible to determine uniquely a point of 00 m any 
interval with a point of Q as left end point 

As the set G is a set of the first category, it is the outer limit 
of a sequence of non-dense closed sets each of which contains the 
preceding one Let the sequence which defines G be g x , g t , g it 

ff*’ As the sets are non-dense, let A i, A a , A s , . A 

be the sets of intervals complementary to g x ,g t , g n 

respectively 

Now, let JSibe a point of G-. Consider the interval (x, x + h) 
The point x may be either a limiting point on the right of th e end 

points of the A intervals or is not such a limiting point but is an end 
point 

In case it is not a lumtmg point (on the right) then exists a 
greatest interval («, x+rj) which does not contain any point of G 
The point x+\g is a point of CG and is uniquely determined 

In case it is a limiting point of end points , a point of CG may be 
determined as follows : 

Let r t be the lowest value of n such that one or more intervals 
of the set Ar 1 are contained in the open interval (x, x+h) Of the 
several intervals of Ar t contained m (r, x+h) one or a finite number 
are the greatest Of these greatest intervals of A**,, select that 
which is nearest to x+h, let it be Sr,. We can similarly determine 
an interval Sr, contained m Sr,, (r, >^) and so on Continuing i» 
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this manner we obtain an uniquely defined sequence of ntervals one 
■within the other 


Sr,, Sr a , 8? s , 


8r«, 


This sequence of intervals defines uniquely either a single point £ 
or a single interval (£,, £ t ) In the first case the point £ is the 

required point of 0Q-, and in the second case the point ^ may be 

2 

taken as the required point of CG The point g is evidently not a 
point of G as it is interior to intervals complementary to G For 

the same reason 1S no t a point of G 

2i 

S Lemma II If with each point of a set GG m (a, h) there is 
given one interval A with that point as left {right) end point , and with 
each point of the complementary set G all intervals 8 tending to zero (m 
length) with that point as left {right) end point , then , provided that G 
is a set of the first category m («, 6), there exists a chann of A and 8 
intervals reaching from a to 6, and such that 


m «A^(& — a)-rj 

where tj is any arbitrary small positive number 

(31) We may without loss of generality suppose that a is a 
point of OG, then with a as left end point there is a A interval, 
say A; If the right hand end point of Ai is a point of OG, then 
theie is another A interval, say A a , abutting on A i If the right 
end point of A x is a point of G (say g x ), then a point of OG can, 
by Lemma I, be determined m the interval {g lf g x + £ € A x ) Call 
this point c a . Then with c a as left end point we have a A interval, 
say A*« We have thus two cases 

(1) Ai and A a have an end point m common 
or (2) A x and A a have an interval between them of length 
< l* Ai 

We can similarly proceed with the light end point of A a getting 
either 

(1) an interval A s abutting on A a 

(2) an interval A 8 separated from A, by an interval 8 S (say) 
of length less than £ « A*. 


01 
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By continuing the process we may reach Qi wo may not, In 
the latter case, the chain of intervals formed by continuing the process 
indefinitely comes to an end at some point f m (a,b) Wo can number 
the A intervals from the beginning as Ai A a • * * 

(3 2) In case £ is a point of CG-, the process can bo begun again 
from £ giving us another chain of intervals If £ is not a point of 0(1, 


we can construct an interval of length ^ 


J. 

2 a 


A, (whcto / ih any finite 


number) with £ as left end point and a point £ r of 00 an i ight 
end pomt The process can now begin with £' 

Thus between two successive chains there may ho a 8 interval 
(^o>+i) followed by an interval A^+i 


Similarly we may have m the next chain 8^ S+1 followed by 
Ao) *+i and so on These chains themselves may have a limiting 
point, say £ n 

(3 3) We shall call a A interval a used-up A interval nt ease it ban 
been employed an infinite number of times to obtain 8 intervals m surli 
a way that the sum of these 8 intervals is equal to e A We observe 
that the selection of 8 intervals may he so arranged that all the A 
intervals of the first chain are not used up m reaching £ ,r Further 
the selection can be such that the A intervals of all tho other chains 
except the first are not employed at all, or employed only once 

If £" is not a point of CGr we may associate with £" a 8-n»ter\al 
employing any one of the infinite un-used A intervals preceding 
£ Beginning from the right end of this interval which we may 
denote as 8 wt+l , we can proceed further till we ainve at a limiting 

point of chains We observe that every such limiting point ih 
preceded by an infinite number of un-used A intervals, for it h the 
limiting point of chains 

(3 4) Continuing m this manner we may arrive at a point £" The 
intervals from a to f w when numbered will use up all the numhorH 
of the second class up to to” In arriving at we may ho armngo 

that only (i A*« + . +A A*«)of some or alloX the A* intervals 


is used We may now suppose to be dmdod ln t<„ val« 

just as (a, £ w ) is divided by proportionate reduction. Taking fc=sl 
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we have a> w intervals m an interval of length 


1 

2*+i 


A,. 


These interval 


may now be used as 8 intervals after , the A interval following 
(A<«Wi say) not being used at all Continuing the process we can 
reach up to any number X of the second class, using un-used A intervals 

to obtain 8 intervals by suitable methods, as every limiting point 
is preceded by uu-used A intervals ( As already explained, we call a A 
interval un-used as long as the sum of 8 intervals constructed on the 
basis of A is less than Ac ) The possibility of continuing the chain 

after every limiting point has thus been demonstrated 

(3 5) The chain of intervals must reach 6 before every number 
A of the second class is used up, for if it were not so, the number of 
intervals required to be constructed m (a, 5) would be unenumerable, 
which is impossible 

Theiefore, a chain of A and 8 intervals reaching from a to b exists 
m (a, b) 

Now, if the sum of the A intervals 


m 4 A = 2A=^ 
then, the sum of tl e 8 intervals 


But k cannot be greatei than b — a 
Therefore, 

can be made less than an arbitrarily assigned number tj by choosing e 
small enough And then 

m e A<^b~a—r) 

Thus the lemma is proved 

(3 6) Alternative poof The method of constructing a chain from 
a to b indicated above has not been made unique by specifying some 
rule for the selection of mteivals All that has been demonstrated is 
the possibility of tho construction and hence the existence of the chain. 
Various methods of construction may be devised As an illustration 
we give below a method of constructing the chain which provides an 
alternative proof of the lemma 
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Construction (IA). Let a be a point of 00- Then with a as left 
end point an interval is given Call this interval A i If the right 
end point of A i is a point of CG, we have another interval A » If 
the right end point of A i is not a point of OG, we can find a point 
of OG snoh that the distance between it and the right end of A i is 

less than ^eA,. With this point of OG we have now an interval A, 

We have thus between the two intervals A, and A, an interval, 

say 8^ such that 8 t < A « a x Proceeding as above we find another 

interval A, such that (o) either A 2 and A„ abut on each other 
or (.6) between A a and A s there is an interval, say 8 a , such that 

Repeating this construction indefinitely we get a c hain 

of intervals from a to x In case the point x coincides with 6 we 
have obtained the required chain If it does not, then we can begin 
again with x m ctffce it is a point of CG, ° 

Even if „ were not a point of CG, we can obtain a point *' of OG 
such that (a -Js)<4eA x and begin with as' as before 

We thus demonstrate the possibility of (1) constructing a chain 
of intervals from a to * composed of A and 8 intervals, such that the 
sum of the 8 intervals of the chain <*«A X , and (2) extending the 
construction beyond a by the use of a 8 interval of length <^ Al 

Let the intervals of the chain a to , be numbered from the begin- 
ning By doing so W e shall obtain all the numbers of the first class 

first ’ v, Tt P ° 1Dt * Wl11 corres P° nd to the number «, the 
first number of the second class 

Comtmdwn (IB) Let now the point, of the interval (o, ,) fc, 
made to correspond to the points of the interval to 

that corresponding to th, inter td. „ („, „ there „ , net of enb- 
intervale in ^ — A,«, l A j Let this oonstrnetion be performed 

for dl rallies of , Im^pne mtervde of tjpe ( 1 Al ., -^_a,.), 

I^T 0 ' *’ ? ” “ f magnitude in 

( , A,.), and lnt them enb-inteivale obtained a. above be numbered. 
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We shall thereby obtain all numbers of the first class and all the 
numbers of the second class up to <t> 3 , the point A x € corresponding 
to <o a 

Construction (II A) The construction (A) may now be performed 
again, beginning from a with the difference that the S intervals will 
now be less than the corresponding o> a , sub-intervals beginning from 
the point iAxfi m A,*) 

We observe that a new series of chains of intervals reaching from 
a to some point x r can be obtained by using the intervals obtained 
as under (IB) The intervals when numbered from a onwards will 
correspond to the numbers of the first class and all the numbers of 
the second class up to to 2 which corresponds to the point c' The 
chain may be further extended from i r to another point £ by using 
the intervals m (0, £ AiO m (IB), but we stop at a/ 

We further observe that the sum of all the 8 intervals m the chain 
a to x f is less than ^ A x ^ 

Construction (IIB) The interval (a, x r ) being placed in corres- 
pondence with each of the intervals g-jL-Ax^ as m (IB) 

and numbered from the point } A^ onwards gives us intervals which 
correspond to numbers of the second class up to co s . 

These intervals may again be used to construct a chain from a to 
some point jc'\ whose intervals when numbered use up all the numbers 
of tho second class up to o'* 

The above process may be supposed to be repeated so many times 
that a chain from a to b is obtained 

Wo observe that the process of construction employed enables us 
to ascend higher and higher m the series of numbers of the second 
class * The process of construction, therefore, must give us a chain 
roaohmg from a to b, otherwise the intervals required to be constructed 
would be unenumerable, which cannot be the case. 

Tt has boon thus shown that a chain composed of A and 8 intervals 
can bo constructed reaching from a to b and such that the sum of 

* For, if tho chain from a iox corresponds to the number A of the second dags, 
the construction (B + A) enables us to reach the number A « which is ordinarily greater 
than A The process of construction can go on indefinitely because the chain a to x 
is greater than A* and hence always >0 in length, whatever be the number A to 
whi< h ® corresponds This holds also for the intervals obtained under corurtrucbon B 
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the 8 intervals of the chain is less than Therefore, the sum 

of the A intervals is greater than b As e is aibitiary, the 

lemma is true 

Applications to absolutely continuous functions 

4 Theorem I Jf one of the unilateral denvates of an absolutely 
continuous function f(x) defined m an interval (a, b) be Known to be zero at 
each point of a set CO which is complimentary to set 0 of the first category 
m (a, b J, thenf(x') is a constant m (a, b) 

Let us consider an interval (a, £), £<b As it is known that at 
each point t of a set CG^ in (a, f ), one of the denvates is zero, it is 
possible to construct with each point of CG-^ an interval (r, r + h) 
such that 


(41) 


/( ag+fr)-if(r) 

h 


5 


Let h have the greatest possible value so that the inequality (4 1) 
is satisfied Thus to each point of OG^ there corresponds an uniquely 
determined A interval such that the difference between the functional 
values at the end points, F^, is less than A*. 

Now by the Lemma, there exists a chain from a to £ composed 
of A and 8 intervals such that m e A^(f-a)— rj and where 

ri is an arbitrarily small positive number, which tends to zero with c, 

We have now, 

/(*)-/(«)£ 2 

where Fg denotes the difference between the values of /(<#) at the 
ends of a 8 interval 


Therefore 

(4 2) /(f)-jf(a) <£ c^A + SFg 

^ € (£— a— ^ + 

Now Fg is the variation of f(v) over a set of intervals 8 whose 
measure 

m e B<rj 

Since i) tends to zero as c tends to ssero, and /(ft) is absolutely 
continuous, 
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2 Pg must tend to zero as t — ^0 

Thus /(£)—/(<*)= 0, because « can be taken as small as we please 

/(!)=/(“)=/(&) 

(4 3) Corollary If fix) has a 7 ero unilateral denv ate at all points 
of a set complimentary to a set of the first category , eith&r fix) is a 
constant or /(a?) is non absolutely continuous 

(4.4) Corollary If fix) be absolutely continuous in (a, b) and if 
at a set OG complimentary to a set G of the first category m (a, b) 
jD + /(^)>0, then /(#)~/(a)^0 Similar results hold for the other denvates 

This follows from the proof of the above theorem 

5. Theorem II If two absolutely continuous functions f ( 1 ) and 
ft(r) have the same upper ( lower ) denvate on the right ( left 1 at all points 
of a set CG complimentary to a set G of the first category , m (a, b)> then 
f x ( 1 ) =/ a (x) + k in (a, b ), where k is a constant 

We have, for a sequence of h — ^0, 

m 

(51) £ l( x + h )~f ' i r 2 > B + f 1 (x) - e, 

h 

and for all sufficiently small values of h 

(5 2) 6 < f +y . -/»(«) , < iy/ t(j)+ . 

fl 

Subtracting, as D + / l (c)=D + /,(ir), 
we have 


{ACte + fel-ACie-f ^)}-{/ i rai)-/,(ie)} > q c 
h 

Putting /(a) = f t (a?) —/ a (®), we have 

Hl+RzILll >_ 2 «, 

h 

for a oertain sequence of values of h tending to zero, 
or D + /(«);>0 as € is arbitrary 

4 
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By interchanging f 1 (x) and /,(b) in the above argument, we see 
that 

D + {-/<0}>0 

Hence D + /(as) = 0 at all points where D + / x ( 0==3D + / a (aj) 

Now, the function f(x)^f l (x)—f i (x) is absolutely continuous and 
asD + /( /B )=0 at the points of CG-, hence by Theorem I, f(j) is a 
constant = Jc say, 

/ 1 (»)=/>(»)+& 

(5 8) Corollary If two continuous functions f fix) and f fix) have 
the same upper (lower) denvate on the right (left) at each point of a set 
CO complementary to a set 0 of the first category , then either f 1 ( c) — f % (x) 
is equal to constant or f fix)— f fix) is a non- absolutely continuous function 

6 Theorem III If f(v) be an absolutely continuous function m 
(a, b), then the set of points where 

Wf(x)>h y 

(61) o 

and D+f(x)<h J 

oannot be a set CO complementary to a set 0 of the fint category m (a, b) 
Similar result holds for the demvates on the left 

If the condition (61) holds at all points of CG, then, by the reason- 
ing of Theorem I it will be possible to show that f(b)—f(a)> k(b— a) 
and also f(b)—f(a)<,k(b—a) which is absurd Hence the theorem 

The above theorem can be extended to the case of any two denvates 
For example it can be shewn that 

V+f(x)>Tc | 

and D -/(*)<& J 

ca/nnot hold at all points of a set CG complementary to a set G of the first 
category 

(6 2) Oorollai y If fix) be an absolutely continuous function m 
(a, 6), then JD + f(a) cannot be greater than one of the other three 
denvates at all points of a set OG complementary to a sot G of the first 
category. 



THE THEORY OF DERIVATES 


27 


Applications to functions of bounded variation 

7 Let /( e) be a monotone non-dimmishing function m (a, b) 
Then the total variation of the function m (a, b) is f(b)—f(a)=V b a (say) 
The following theorem is seen to hold for f(x) 

Theorem IV A monotone non- diminishing function f(x) defined m (a, b) 
cannot have one of its demvates greater than j ai eac ^ ^ oin f 

of a set OG which is complementary to a set G of the first category m (a, b) 

With each point * of CG let us associate the greatest A interval 
(oj, a+A«) such that 

A g+A «)-/(«>) >M 
♦ A * 

or f(x+h)-f(x)> A* M, 

where M is the lower boundary of one of the eight denvates at 
points of OG 

(7 1) Then by Lemma II, there exists a chain of A and 8 intervals 
such that A>&— a — r\ and m e 8<,rj where rj is arbitrarily small 
Therefore, 

f(5)-/(a)«S{n«+70-/(0} 

= §F a + 2/ 8 

where SF ^ denotes 2{/(r+A »)—/(«)}, x being the left end point of 
the interval A « The symbol 2/g has a similar meaning Consequently 

MA*+V 8 

where A « denotes the length of the A interval satisfying (7 1) and 
Vg denotes S/g> the variation of /(a) over the 8 intervals. We note 

that Vg >0 because f(x) is monotone non-dimmishmg 

Therefore, 

/(&)-/ a)>M2A* 

(7.2) a) 

as rj is arbitrary 
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Now, if M(6 —a) >/(&)— f(a) 


or M 


> 


(b-a) ’ 


(7 2) will not be true, and there will be a contradiction*- 
therefore, that one of the derivates of fix) cannot b>o * 1 

f(b)—f(a) ^t a u points of a set CG complementary *** a ,f * ^ , * 1 

(5— a) 

first category G m (a, 6) 

(7 3) Corollary If /(») be monotone decreasing in C*** ^ ^ 

each point of a set CG complementary to a set of the first cct £<**/*** *V» ' flii **1 

the denvates cannot be less than a -- In fact the <Z&ri 1 *** M4 ' h 

(6 — a) 

point x of OG are such that 

o — a 


(7 4) Corollary A monotone non-diminishing {non-mcra<t**S***J » /* 

/(r) cannot have one of its denvates + oc (— oc) a£ eac7& j^***** 1 ^ M / ^ ** 

OG complementary to a set G of the first category 
This follows directly from Theorem IV 

(7 5) Examples of monotone functions having infixiiti* litmMt'i 
at everywhere dense sets have been constructed by Brod.Gxx*** fiml vthvr** 
Accordmg to a theorem of W H Young, f the set of point* wh*MU* 
one of the derivates is infinite is an inner limiting set/, bo f Imf tit* H*t 
of points where the monotone function of Brod^n po infinite 
denvates is of the second category But by corollary {7* l) tlm w*f 
cannot be complementary to a set of the first category, flint fhrft* 

exists in the case of Brodin’s function, a set of the 
at which the function has finite derivates By a w**lt Uixmn 
theorem about the denvates of functions of bounded variation thin 
set of the second category has a measure equal to trh*t of the 
whole interval. 


* Brodto, Grelle's Journal , Yol OXVIH (1897), also Acta, turn i 

Vol XXXIH (1897) * * 

t Yotmg, ? c 
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Thus BrodSn’s functions may he used to divide a given interval (a, &) 
into two sets of the second category , one of which has zero measure 

(7 6) Corollary A monotone increasing (decreasing) function f(x) 
cannot have a zero denvate at all points of a set OG which is com- 
plementary to a set G of the first category 

The function is also single valued and monotone, and the 

JW 

derivates of </>(x) are infinite at all points where fix) has zero derivates. 
But by corollary (7 4) cannot have infinite derivates at all points 
of CG Hence the result 

Examples of monotone increasing or decreasing function with zero 
derivates at everywhere dense sets may be constructed Such functions 
may also be used to divide a given interval into two sets of the second 
category. 

8 Theorem V If /(a>) be a function of hounded variation m (a, 6), 
whose positive variation is Pi m (a, h\ then fix) cannot have at each 
point of a set OG complementary to a set G of the first category , a 

pb 

denvate greater than ^ 

Let fix) be a f auction of bounded variation defined in the interval 
(a, h) Let Vi be its total variation in (a, h) and P* and N* its total 
positive and negative variations 

If possible let one of the derivates of fix) be >M at each point of 
the set CG then to each point x of OG we associate the greatest A 
interval (os, »+ A») such that 

(81) /(*+A.)- M^M, 

/A « 


Then there is a cham of A and 8 intervals from a to b and such that 

/(6)-/(a)=5F A + S/ s 


vrhere F A and / g have the same meanings as in the previous theorem 
It follows that 

/(&)-/(»)«£ 

^M(6— «— ’?)— 
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(8 2) or 
as 7] is arbitrary 


( r (&)-/(a)} + N2S:M(&-a) 

Now, (8 2) will not hold if 

u> M~M± W , 



for /(6)-/(o)=P‘- N» 

Therefore, /(®) cannot have a denvate which ns flm>i 

pj 

(b^d) at a set C& complementary to a set G of the firHt, •'nU tf.rj ut 

(<t, 6) 

9 Theorem VI If f(x) be of bounded variation in (a, b ‘ *md if V 
be its total negative variation tn (a, b), then f(te) cannot h<\r< nt , >„!, 
point of a set OG complementary to a set G of the first catrgor*/ i.t (.», I, 

a denvate which is less than 

(6-a) 

The proof of this result is on the same lines as in 1 1*«< invi 
theorem, for in this case the inequality (8 1) and (8 2) of <.h«. . 

theorem can be replaced respectively by 

&a±A ^*) SM 

“ d /(i)-/(a)-p; S M(4-a), 

so that there is a contradiction if 


( b—a) 


<- 


n; 

(6-o) 


(91) Corollary. The set of points where a function ,f> , , 

variation in (a, b) vosses nn * j J ncnon r*gr 

yo, o, possesses an infinite denvate with fixed »*.L t a. «. 

-oo) cannot be a set of the second category of the L n t ' f + " 
complement of a set of the first category ** ****** vh is Ifu 
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For, if one of the derivates is + oo, Theorem V applies because 

^ 18 finite > so one °f the denvates cannot be + oo at 

(o— a) 

all points of CG In the same way by Theorem VI, one of the denvates 
cannot be — oo at the set CG 


9 2 It is known that the set of points where a function of bounded 
variation has an infinite denvate is of zero measure It is also known 
that the set is an inner limiting set and so is of the second category 
when it is everywhere dense The above corollary shows that this 
set cannot be the complement of a set of the first category 

It is possible that a function of bounded variation may have 

(1) one of its derivates equal to +oo at a set S x of the second category, 

(2) one of its derivates equal to — oo at a set S 2 of the second category, 

(3) one of its derivates finite at a set s 3 of the second category 

In the above S x and S a will in geneial have common points In 
case they are the same, the set S a must be of the second category 
In case S x and S a are not identical it seems that S 3 may be of the 
first category But neither S x nor S a is the complement of a set of 
the first category It will now be shown that S 8 is also of the second 
category 

10 Theorem VII If /(t) is of bounded variation m (a, b), then one 
of the right (left) derivates of f(x) cannot be in absolute value greater 
than FJ/(b— a) at each point of a set OG complementary to a set G of 
the first category m (a, b) 

If one of the derivates on the right at each point of CG is m 
absolute value greater than M, then, to each point % of CG we can 
associate a A interval (x t oj + A») such that 


( 101 ) 


/(«+ A,)— f(x ) 

A. 




Thero is a chain of A and 8 intervals from a to 6, such that 
5EA>(a— 6 — rj) and § 8 < 77 . Therefore, 

VS;> M2A + ^j, 


where VJ is the total variation of /(x) m (a, b) and. 2/g is the sum oi 
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the variations of /(a?) over the 8 intervals. We observe 
2A;> (a— b— ij) and 2/gj is positive Therefore 

U(b-a- V ) 


(10 2) or Y‘>M(6-o-v) 

and as rj is arbitrary, 

(103) 

0 — a 


Now, if M> J 

(6- a) 

there will be a contradiction Hence one of the right harxl 
V 6 

cannot be greeter than— a at each point of CG It can In * ntmilnrl) 
(6 — a) 

proved that one of the left hand denvates cannot be Outft 

y* 

,, — — v at each point of CG 
(6— o) 


(104) Corollary The set of points where one of the right f l* ft) tit if* 
votes of a function /(a?) of hounded variation m (a, 6) is in fin it*' in twlut* 
cannot he a set 00 which is the complement of a set O of the firxt wifrv/ir/jf, 
This follows directly from the above theorem 


(10.5) Tims the set S x where one of the right denvateH in milntf** 
m value is not of the type CG Also the set S fl where ono of Hit* !t*f< 
denvates is infinite m valne is not of the type OG It will tw *lwmn 
that the set (S^S*,) which contains all the points of R, ntnl iilmn 
of S a , common points being taken only once, is not of the typo ()f|. 

By a well known theorem of W H Young, the set of 
where there is distinction of right -and left as regards tl»© vulut-s „f 
the denvates form a set of the first category Therefore, 

Z t “ to Sl and Ss f0rm a 8et 0f the "4*7. 


®i+S,=S x 8 i+9l 

But as S x and S, separately are not of the type OG, so S ca , 

“* - «“ Vp. ca, a*, s. 

consequently we have the following result .• * “** "* 
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(10 6) Corollary The set of points where a function f(x) of 
bounded variation m (u, 6) has Unite denvates is of the second category 

11 Theorem V III If f(x) be a function of bounded variation m 
(a, 6), md of total variation FJ then the set of points where 



o + f(*)>h 

and 


where 

z. i, 2V * 

k ^>{b^) 


cannot be a set OQ complementary to a set G of the first category 

For, if the condition (11 1) he satisfied at each point of CG-, then 
with eaoh point i of OQ- we can have a A interval (a, r+A„) suohthat 

( 112 ) 

Zi * 

Hence as m Theorem V 

(H3) m-M&tSA-sft 

where 2/g is the variation of /(») over the 8 intervals -Again, with 
each point a; of CQ- we can have a A' interval (», *+ A',), such that 


so that we have 


/(a+ A',)— /(») 

A'. 




/(&)-/(«) £MA'+% ‘ 

where 2 \fy is the variation of /(*) over the 8' intervals! 
(3) from (2) we get 


’ (3) 
Subtracting 


But both 2A and 2A' can bo made as near b—a as we please, 
therefore 

0 ^(*,-*,)(6-a)-{3/' a + 5f y } 

ie,0^{lt x -k t )<1b-a)-2Vl 
or 2V “ >k -h 

W^) >K K 

which is contrary to (11 1) The theorem, therefore, holds. 

3 
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12 Theorem IX If /(/) he a function of hounded variation in (a, b), 
the set of points where D^/CO >h x and any one of the otltet three derivates is 

less than fr a , where cannot be a set OQ com - 

(o— a) 


elementary to a set 0 of the first category in {afi)> 
For, if possible, suppose 


3>7W>*» 

»-/«<», 

(6-a) 


( 121 ) 


at each point of CQ Then the reasoning of the above theorem can 
be easily applied, In one case we shall have 

/(&)-/(a)>fcx2A-2/ 8 

as before, and m the other oase 

'+5/y 

whence 

2{/(6)-/(o)]^fc 1 gA-k,SA'-S/ -S/j, 
o' 2{/(5)“X(«)}Js(* x -l i )(»-a)-aVJ 

(122) or 2{|(b)-j5(a)} + 2Y»>(ft 1 -fc J )(6_ a ). 

Thus (12 1)' and (12.2) ere contradictory and, therefore, the theorem 
holds. 

Bull. Cal, Math. Soc, Yol, XZYI, No. 1 (1934). 
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An Integral representing Self-Reciprocal Functions 

BY 

Brjj Mohan Mehrotra 

1 Th© object of this note is to obtain a new foimula for self- 
reciprocal functions The interest lies mainly in the result and not 
m a rigorous proof thereof Hence only the formal procedure is 
given here. 

Following Hatdy and Titchmarsh I will say that a function is 
R„ if it is self-reciprocal for J v transforms, and it is— R v if it is 

skew reciprocal for J v transforms Also, for R^. and R_x I will write 


R, andR fl respectively. 


1 will make use of the following result of 

Hardy and Titch- 

inarch* — 

A necessary and sufficient condition that a 
be R v is that it should be of the form 

function /(s) should 

C + i oo n 


/( * )_ Tsr/ 2 Ml v+L 2 •)*«*"•* 

« — <00 

(11) 

where o<c<l aad 


•A (s)=<A (1— s). 

(12) 


Using a fom of Mellin’s Inversion Formula, t we get, from (1*1) 


/ (i+**+W f w, 

o 

where ^ ( s ) satisfies (1 2). 

* G. H, Hardy and E 0 Titchmarsh • Self-Reciprocal Functions, Quarterly 
Journal of Math , Oxford Senes, I (193CM, 196 231, § 3 

t See G, H Hardy Further Notes on Mellin’s Inversion Formula, Messenger 
of Math , 50 (1921), 165-171 
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i) 


2 In a recent paper I have shown that the function 

, r a I '(w) 

9(*)= I 1 _ /(-no) dw, 

o « 

where / (jj) Is and F (w) satisfies the equation 

»<•>=’ (s) 

is R v * 

Now, let 

/ i 

w u ~i Q-(m) du, 

t 0 

where G- (w) = Q- (1 — u) 

Then P (i.) = J w\~' Q'u)du 

0 

=J w'4G(1 - s )ds 
0 

=j w-iQ(s)ds 
0 

=P(w>), 

so that F(te) satisfies (2 2). 

^hus ff( e ) = j —~~f(xiv)dw 

u i Vw 

rf( t w) c x , 

= 1 J ~~^T dw / w'-i G(u)du 

o VW J o 

=f G(u)duJ «*-* f(xw)dw, 

o 0 

provided that the inversion of the, order of integration is justified. 

* B M Mehrotra • On some Self reciprocal Fonotions-Bull., Oalcutti* Math 
Soc.. XXV, 1933 (167 172), 170 See also B M Mehrotra Some wl™, « 
Self-reoiprooal Functions, Proc , London Math Soo , Senes 2, 84 (1982) am t 

S « (.»). On a. S to ta. Dto I. toll; 

Journal, London Math Soc., VI (1981), 242 24? Particular caj. of (2 

Riven by Hardy and Titchmarsh, tbtd, § 3 ® ^ ww * 
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Hence 9( x ) = J x~"Gt(u)du J* y u ~ x f(y)dy 

0 0 

t 

Using (1 3) we Have 


g(x)=J x- u Q(u) 2^“[~ i 

0 

where i j/ (u)=\j/(l—u) 

i 

Hence gM=s J* 2^'f (i+iv+}$) x( s )*~'ds, (2 3) 

o 

where x(s)= x (l-s). (2 4) 

i 

This formula is similar to (1 1) except for a constant multiple and 
the limits of integration 

3 Let us test whether the function given by the integral (2 3) is 
self-reciprocal or not For simplicity we take the particular case 
of cosine-transform, that is, the case when v= — $- " 

g(j>)= J 2 *' f (}s)x(s)x~'ds. 

0 

The cosine- transform of g(x) 



cos xy dy 


= / cos xy dy j 2*'f {\s)x{s)y-‘ds 

o o 

= J 2 *T (i s ) x 0) ds J y-‘ cos xy dy, 

0 0 

provided again that the inversion of the order of integration is 
justified 
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3d 

Hence the cosine-transform of g (x) 

1 t 

= / 2 *‘ r(Wx(») ^~ g) . cob 

o ® 2 

= /‘ sW ' r'wxwna^--* 

o 

J * 

Putting s=l— w, this becomes 

* ^ / 2 ^"r(i«) x («)»■"*<$» 

o 

-9^), 

fJ which shows that g\x) ip B, e 

4 If /(*) 18 —By, the function $>(«) giy en bj (2 3) is 
But if /(x) is— E v and *(«) satisfies the equation 

x(»)=x(i-*), 

instead of (2 4), g{x) is again R„ 

BnU., Cal. Math Soo , Vol. XXVI, Ho, 1 (1934) 


\ i f j»b » 


lit i 
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Gbomrtrisation op Phystcs 

BY 

S C Bagchi. 

About the middle of the nineteenth century Soplius Lie remarked 
that the whole of physical nature may he regarded as a system of 
infinitesimal transformations, the law of nature being the invariant 
of the transformations, Riemann and Clifford threw out the sugges- 
tion that the entity, if there be any, called force in dynamics tnay 
be the binding operator m an otherwise amorphous space The 
Riemann Oliristoffel tensor is a kmematio quantity appearing as 
a kinetic quantity m physical equations The structure of modern 
physics shows the direction in which the gi eat synthesis suggested 
by Lie lies Theoretical physics is concerned with certain trans- 
formations and invariants Geometry gives a local habitation and 
a name to these, Juvet and Leroy temark, following Duhem, “today 
every affirmation on tho geometry of tho universe has its counterpart 
in electro magnetism,” # Relativity, Wave-mechanics and Quantum 
theory are the physical expressions of theorems of transformation in 
generalised spaces The elements of a variable phenomenon, constitute 
a system of co-ordinates, a particular state of the phenomenon, 
characterised by an aggregate of its co-ordmates, is called a point, the 
a ggr®gate of points forms a vai uty , in other words the whole history 
of a phenomenon is imaged as a variety — a manifold of punctual 
aggregate The aggregate of variable phenomena may be studied 
as an aggregate of geometrical varieties 


* French translation of Weyl’s Rsrnm Zieib, Matene, Introduction 
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The geometrisation of physios started in a dowir^ Imm.ildi* 
a unitary physical theory. In classical mechanics Ku« ***** Ui I* 11 ** * 
with a finite number of dimensions wore utilised 1 , l lf< >* utner 

certain solutions of Jacobi-Hamilfcon equations 'Ph* 4 
calculus of Grassmann and Hamilton loading on to the l*’* 1 * ** * 

of the present century has consolidated this piocess of » * d«»m 

In the generalised geometry of physical phenomena tin* »*f ♦ ienps 

of transformations as well as that of matrix m general im**I ^p jd ij > 
a fundamental pait So our history will bogm with t h»’ *'t onp . mI 
Lie and spaces of Cartan, 

The fundamental structural relations in tho theory of htufc aid 
continuous groups are 


a) c;,+c;,=o 

(2) +<?*»<* ,*«+cI 1 f* )I -=0 

By contraction (2) becomes 


(3) c*,ct a =0, a, s beinjj umbral 

This form of (2) shows that if the constants o*, t Ft>* which % , * 

1,2,. r satisfy (I) and (2) one may always find r fiiuo* 

formations as,, such that 

(4) (X.XJ-X^-X^X^X, 

This is the famous third theorem of Lie. Now lluhl Ii,m lm*n 
that starting from a generalised Stokes’ thooiom wc* mine fif 
unitary field theory of Einstein through this thud theorem of 

Take the identical relations 


(5) JXdY ^IfdXdY, SfXdYdZ mltJdXdYM 

r * B |l 

and all the analogous relations with any number of variable r , tJl t 

The two identities put down give the gravitational forms „f 

for the ordinary space-time By successive changes of v »u 

linear combinations the identities (5) lead to Maxwell's «der*t,n, 

equations So the basis of electromagnetic theory is a kind of 

This result is obtained most readily by utilising Pfafflan f mn „ , u|t| 


* S$® Buhl-Oravilique, &o , p 4 
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the method of external derivation of Caitan The identities (,5) are 
then leplaced by 

(6) [^P,d t ‘] 

< 8 

8 V 

The developments ot the brackets give the symbolic deteimmants 


(7) 


a 


(«) 


with M , , + M , t =0 


a.' 

9 ' 

p. 

P, 

a 

_a 

a. 1 

0*' 


0 


M, in M,. M*. 

i i h 


Starting from (7) autl replacing 9 by the moie general symbol 
I) wo put 


(0) 

1) D 
IV IX.' 

— * 

9 9 

9 9 


r!l. 

r». 


i\ r, 


P» P, 


.Pa 

,p* 


Writing 

(10) — T In the last determinant in (9) becomes, 
sign apart) 

(11) A?,I\ 

Whatever may be this expression (11), ouo may always break it 
up into expressions like * 
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Similarly for conti avanant vectors P 1 one gets -with 



D D | 


a a 



(13) 

D.e* D ij ] 


a«‘ a f ' 

+ 

r«. Pa/ 


p, p, 


p* P' 


/ pa / pa 


where the last determinant on the uglit-hand ib equal to 



pa 


which gives 

< 14 > +r: ‘ po<lud 
(15) (p,po-p, {£-' +p' gf: 


Thus the paiallel displacements oi I\ or P‘ aio dihnud by 


(16) ^ (L' =sdV , - T* , P,(U' =0 
Doj 1 

(17) ^ (L'siP'+ri.P-dji'asO 

Ujj 


The lule of derivatives given by (12) and (J4) may be put m the 
general form 


(18) 


d .*** _ e *«* 

D»’ A *** 


{ 




** a * 

to**”’ 


— ox + to be taken accoiding as the co valiant or contravariant index 
occur s t the index of derivation is put last in the series of the lower 
indices of T with the help of the rule (18) the identity of Bianchi may 
he written at once m a generalised form vtz 


Jl9) ^ ®/xvo- ^ ^ ® fxar ^ ^ ® pv ^ 

+ Bp/3 + B ^ + B^ T 3 A*, = 0 
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Nc* in the first foimof geneial relativity the giavitational equation of 
Emstein considexs a space which is cuived but is not twisted, % e , A’s 
aie zero in (19), ie, the identity of Bianchi plays the fundamental 
lole here In the unitary theory the space is twisted but without 
curvature The equations m the new tlieoiy aie 


(20) <B a +B a +B a ) + (A a -f A a + A a ) 

' ' veer mrr -rvnr > 1 v vrer (TTV rvrr ' 


+A S A a fl +A» A tt +A^ A% =0 

vcr rp err v tv <rp 


(21) a:,+a:.=o 

The diffceienl types of gravitational equations, m othei woids, the 
different field equations arc narrowly connected with diffeient types 
of group spaces Caitan has defined the components of curvature and 
torsion by 

(22) G* = [V]'— [7r a ir*]=A**[7r J ir A ] 

(23) 111 =[•"■*]'— [wtir‘]=Bi M i[’r'"’r'] 

If we put w' = —dji’, jtJ noting that the accents in (22) and 

(23) denote exterior dei lvatives, we get 

c24) r; a -r; a =A; fl 

Tins ie tlie same as the equation ( 1 0) , and tmtliei we have 


'25) Hi, 


_ 3 r' 

ri- 11 


. JL 

0 a 1 


,+rf,r a „ 


-rLr ai 


which is the 4-index symbol of Riemanu 

The groups in Cartan space show that physics is geometnsable 
as soon as the physical laws are shown to be expiessible by means of 
differential equations connecting the components of toision and 
curvature It may be noticed in this connexion that Cartan space 
with its curvature and torsion may be put m correspondence with 
torsion-less space in an infinity of ways. 

Let iliero be an n-uple of orthogonal congruences, Through each 
point P of the space V* pass n lines orthogonal two by two, numbered 
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by tlie lower indices in the subjoined table 

x; 



a. 1 a: x: 

Each row of this defines the parameter of direction of one and the 
same lino of the n-uple Let the table of moments be given by 


K k a: 

The correspondence between these two tables ns given by 

(26) \ h X„ = ti,k'X=8\ 

If one puts 

g' k =*X,g' k =*X 

one gets 

J — ^ Id 1 ,/ A*=X ft , (j l , X h =\ l 

This allows us to construct a Riemanman metnc lot which ds 2 z=zg ih 
d& l dx x . Hence we can unite the law of gravitation 111 Riemanman 
space with that m Caitan space, Thus the unitary held theory is 
nothing but the intrinsic geometiy of the generalised space 

§2 

Let us go back to (5) of the preceding section. By virtue of 
d(XY)~XdY + YdX (1) the equation (5) may bo wutien m various 
forms Now (1) may be wntten also as 

-j|(XY)-X^r=Y 

which shows the existence of symbols q and p such that 
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where h is Planck’s constant This equation (2) is at the basis of new 
mechanics and the equation (1) puts it m accoi d with the process 
of georaetrisation wo are m seaich after While the classical mechanics 
utilised spaces with finite number of dimensions the wave mechanics 
considers wave functions in a functional space of infinite number 
of dimensions In all the spaces we are concerned with linearity of 
connections and opeiatois Following Struik a summary account of 
Hermitian connections may be given here "just to point out the 
geometrical structmo of the quantum theory The variables x n of an 
E n can be made to run tlnough all complex values It is easy to 
establish connexions of the type 

_ t _j t 

I 1 A A 

fr'=Axtt , v Kf =A k v K , where Axis con] A* 

Next we mtioduce quantities in which some indices refer to the 
,t/— space and some to t* — space, e (j , 




„ A ^ n - A'v* A 

\y V xy x 


such quantities aie called Hoimitxan, In a linear space with 
Hermitian connexion we can construct Hermitian tensois and densities 
similar to those defined by real vauables In investigations connected 
with the spinning election it has been shown by Struik that we obtain 
a geometry of Hermitian quantities in an E* by starting from a 
Minkowskian R* In such an R t thoio exists a hyper-sphere 

<Ji , t 1 * '=1, t, 7=0, 1, 2, 3 

0o o = !7 1 i = «V a 2 s s == “M 

<h ;=0 7=7 


of signatuio — h + + 

The oo'* stnught linos ol this liypei sphere determine the directions 
ol oo* vectois These vectois can be i oprosontod by the oo* points 
of an auxiliai y the so called spin-space With this spin-space 
we come to spin-operators These operators are mvaiiantive m them- 
selves and the representation of the space is independent of the choice 
of coordinates. A generalised intrinsic geometry is automatically 
constructed with the holp of the spin operators The equations of 
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Dirac and Schrodmger in spm-space and wave-space may be interpreted 

as Schrodmger himself has shown with the help of the spinor Let 

be a spinor and let TSs .+=<>■ <« in evei y referenCe Sy8tem 80 
that for a point transformation * remains invariant and for an S-trans- 
f ormation it is transformed as follows 

••• (*) 

from (1) hy left multiplication by S -1 

ss-^=t%/=o ... (3) 

By a supplementary infinite point transformation we get 

••• W 

where © is the Hermitian operator given by 

*9 00 

the quantities y satisfy an equation of the type 

y '„y^=y 0 y ,l -a‘y,y‘+<iiyo7'+YoY ,l ©-©VoY* •• (6) 

where in a y-field 

a>i=/*+8«r (?) 

and an infinite S-transformation is given by 

s=i+e, s -1 =i — © ••• < 8 ) 

With the help of (1)...(8) the equation of Dirac may be generalised into 

"* ^ 

The above considerations suggest a special typo of canal spaoe which 
allows a direct-geometrical representation by moans of generalised 
Stokes’ theorem given by Buhl. We get for canal spaoe 

/W-VSQ- Jf(ll-U) P ’^' * -«■ 

S ^ ()» Of Qt v 
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An elementary canal has a quadrilateral section, on its lateral faces 
P, Q? P + ^P, Q+dQ are constant 

Calling the bracketed coefficient of the determinant A (P, Q), 
A dP, dQ may be writen 


A (P, Q) 


a /3 y 

P* P, P, 

Q-® Q y Q. 


Ida- 


. A(P> Q) 

'©(XYZ) 




P 2 


Qa Qy Q* 


the diaphragm S is defined by <3>— 0 
Now put 

I* 1 

i 


©v'4>*+4>;+4>* 




P. 


Qa Q y Q* 

Then to find out A(P, Q) we have 

A(P,Q)A 1 (0, P, Q)=l 
This is how we get 


f A^X, Y,Z) 

Ai($, P, Q) on S 
A x (0, P, Q) 


//«*=// 


a-, 

P. 


P, 


Q« Qv Q « 


d& 


A,(0, P, Q) 


(ID 


©(X, Y, Z) dS 

v$f+¥j+¥T 


(12) 


A canal surface is propagated like a wave of invariant ©<2S Hence 
we have a general representation of Schrodingei -Jacobi symbol S 
To make the geometric aspect of Shrodmger i ]/ more explicit let us 
take the equation 


7 


s(W)=aw+wo 


(13) 
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Replacing W by fa the Schrodmger equation is 
(14) ^A^+(E-V)M 


Here V represents potential energy, B is the constant total energy 
Put Q=e’ v '^( l r, $/, z), thus one gets 


if/=e~ lV/ Q, 


h Q\j/ 

i 0 1 


= hvxj/ and hence the quantification 


(15) Qt-Vxl,=Q if E = 7iv 

2m i o t 

Thus the kinematic device of introducing a field ensures quantifica- 
tion through Schrodinger’s equation 

Take again Schrodmger’ s equation m the notation of (13) 

aw+wo=o 

In order to get a periodic solution of this we put 

W=e fv * <o(r, 2 /,z) and hence 

AW — ~ =0 and from (14) 

r QJ 



This shows the geometrical synthesis of wave, corpuscular and 
quantum theory 

Here we may interpolate a remark due to Buhl, about the analy- 
tical counter part of geometrical homogeneity of space In fact the 
fundamental principle of quantum mechanics, the non-commutative 
nature of operators in quantum space, is simply represented by 
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homogeneous differential operators At the start we have Euler’s 
theoiem 


1 +y §1 

0* * Qy 

+ z QL z=zmf 

Oz 

which associates the operators 


_0 0_ 

a 

0as Qy 

a « 

with JD, y, 

5 


This gives the combination already mentioned at the beginning of 
this section 


O l, QjSj 

The theory of groups indicated previously with the help of Euler’s 
theorem leads to 

=nf, 1=1 

Buefly homogeneity of space means uon-commutatmty of opera- 


tors 


The expression JJ +« dcr whloh 18 a tiansform of the 


double integral of (10) with the help of Jacobi symbols indicates a 
certain probability for the presence of a phenomenon in a bundle of 
canals intercepted by the diaphragm <r In order that the probability 
foi the presence of a similar phenomenon in the volume element dr may 
be expressed analogously we utilise the function <o (u, v, w)ch \ 
If v be the solution of the Schrodinger equation, the probability is 
given by o>(v)dr We may leduce this simply to v a dr on considerations 
regarding simplicity In order that the imaginary solutions may be 
included we replace v*dr by tffdk The study of this expression and 
its integrals is a limited case of the study of indeterminate conjugates 
of Hermitian type 

o.i a * i — “ ( * , these are forms constituting a unitary 
geometry developed by Weyl and Cartau 



SO 


S. 0. BAGOHX 


The considerations briefly sketched bear out the truth of Lie*s 
remark referred to at the start The paper may be concluded by a 
final reference to a remark of Bateman, which sums up the geometns- 
mg of physics by saying that all the fundamental equations of physics 
may be traced to 

=o 

0 ». 

The whole of theoretical physics is thus a system of transforma- 
tions in a linear group-space 

# Read at the Indian Science Congress (Calcutta Session, Section A, Physics 
and Mathematics, 7th January, 1935) 

Bull. Oal Math. Soc., Vol. XXYI, No, 2 (1934) 
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On certain definite integrals involving Bessel 
Functions of order zero 

BY 

S C Mitka 

In a previous paper,* I have obtained a number of definite integrals 
with the help of the Operational Calculus The object of the present 
paper is to evaluate a number of definite integrals involving Bessel 
Functions of order zero As frequent refeiences of the previous paper 
will be necessary, we shall refer to it by C It is believed that most 
of the results are new 

1 We have obtained the formula, (C(3)), 

/ P,(i-VK a "^=i,^WK, + i( 2 ), ... (i) 

0 

(n=za positive integer)* 

Therefore the integral, 

00 

I =J I.+^W K„+|(z) sin 2kzds 
0 “ 

00 1 

J P»(l— 2 y % )e~* v * sm|2fcs dydz % 

0 o 

Changing the order of integration, which is permissible, we get 
I— 1 f J\(! —2y*)ydy 

a y 

=1 Q.(l+2fc a ) .. (2) 


* Bull Cal Math Soc , Vol XXV , No 4, 1883, pp 185-90. 
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Let ns multiply both sides of (C(28>) by sm 2 kz and integrate 
between the limits zero and infinity # We get (on writing y for y % 
and Tc for k 2 )> 

i . 

/ e ~wr = Vr e "‘„| 0 ( 2w + 1 )Q.(i+2fc)i. +i (0(^>o) .. (3) 

Let We hare 


On interpretation, we get by (C(ll)), 

/ a ( t + * ) cc 

| 5 (2w+l) 

o J V'fo —o * 


(4) 


or 




( 5 ) 


Again putting t=— in (3), we get 

p 

/- >+y =f | 0 (2»+l)Q.(l+2i*)J„ +lW (6 ) 

Let us put &* m the above and multiply both sides by p We 
get by (C(12)) 

Je-*' ,t h(y*)ydy= V ~ B | o (2«+l)I,^(,)J !ln+1 (,) ... (7) 


In (7) let ns pnt £= 








J Jo(.yW 0 (yz)ydy=£jk (> (2»+l)J f . 4l (0J,. +1 (*) 


( 8 ) 


* In this and m subsequent cases, the process is justifiable 
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Again m 0(25), 0(26) and 0(28), let us put 

Remembering that Vp e“*I v ( i ^^ <.(2^/2^) 

P v \p J vV x 

we get 

X 

J Jo(yO Sin = ^ j5(2»+l)J* + ^(z)J,, +1 («) (9) 

0 

1 

f J 0 (y<) cos %ytdy= ~ (— 1)“(2»+ 1) J « + ^(s)J_ n _i(*) X J , » +1 (i), (10) 

0 

and 

i 

/ 3 0 {yt)e-**‘dy=$ (8n + l)I. +t («)K. H (*)J,. +1 (0 (11) 


2 Let us now differentiate both sides of C (20) with respect to 
t * We get 

i 

Jam 2 yz cos 2 yt dy= J j? (2» + l)J^<*) J + ,(*) ... (12) 

0 

Divide both sides by Vt and integrate between zero and infinity 
We have on simplification, 


i 

/ 


am 2 »U dx= 2 J^±il JVi(«) 

T(*J) n=o 4^+3 T(n+f) n+ 2 


(13) 


Again dividing both sides by ViT ~ and integrating as before (with 
respect to z) between zero and Infinity, we get 


[ cos 2 Z*tdzz= J 
J 2 T(i-) 


nWo 4w4 1 r(tt + £) dt n+ v * 


(14) 


* 


The differentiation is justifiable* 
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Prom (14) it is not difficult to deduce 



0 


sin 2 z*t 
s a 




r(4) 


i r(w til J» ,(«) 

n= 0 4^+i ro+i) n +r f 


( 15 ) 


Let us now multiply both sides of (15) by e“ at and integrate 
between zero and infinite We get 


f dz g rO) 

J a a +s* T(f) 


5 v{n+%) 

*=s 4n + 2 T(w+-|) 


Qn(l+2a a ) 


(16) 


Leta a =|p. Then 


f pdz _ T(j) 

Jp + 2z* T(i) 


^ 2w + 1 T ( n +D 

*=o 4n + l r(w+-^) 


i’Q.te+i) 


on interpretation, we have, by 0 (11), 





00 


§ 

n-o 


2n -\- 1 r(w+-|) 

4w+i r(w+i) 


l" + 2 


0 


(17) 


Again putting £=— in the above and interpreting we get 



“ 2n + l r(tt+|) J„ +1 (Q 
n=o 2 t 


.. (18) 


In a similar manner, we can also deduce that 



*=p 

T(i) 



2n + l r(tt+£) 
4n+3 T(w+f) 




• m 


and 




2»+i IVH) J,. + t(0 
4»+3 r(«+i) * 


e * * 


(»i 
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3 Let us now consider (8) Let us multiply both sides by e~‘ 
and e ~" 4 and integrate in succession with respect to z and t between 
zero and infinity We get 


V y&y 
J a 3 + y* 


=2 


OB 

2 


1 

(2 » + 1 ) 


(-vV+1— 


Let a=p. Then 


( 21 ) 


[ pydy 2 P (Vp*+1 — ®) 4 * +i 

J p'+y* .=o 2w+l ' p> 


on interpretation, this leads to 

j*sin yt dy=4i 2 
J »=o t 


or 


1~2~“ = 5 J*. + ,(0 

4i *=o 


( 22 ) 


a result which can be deduced from an expansion given by Joliffe.* 


Now let us put ~ in (23) We have, since 
V 


J„ (1 )=J v (V2F)I v K2t) 


±(l-ber(2V2 *)= 2 J*„ + ,(2*)I*„ +a (2*) . (23) 


where we have written 2» for 


V2 o 


« Watson, BeweZ Functions, p 528 
| BuH Cal Math Soc„ Vol XXV, No. 1933, p, 83 
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We have proved elsewhere * that 


her (2 v'&e) = J 0 (2 1 ) I 0 (2 < ) — 2 J , (2 <•) I a (2.* ) + 2 (2 1 )I 4 (2.c) — . . (24) 

Therefore taking into account, the equation (23) we get 


}(l+ber (2 V2j;) = J 0 (2 < ) I 0 (2a*) + 2 J 4 (2/ )I 4 (2 > ) + 2J 8 (2os)I 8 (2r) + (25) 


Bull. Cal Math Soc , Vol. XXYI, No 2 (1934). 


* 


* loo at , p 98, 
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On the product of Parabolic Cylinder Functions 

BY 

S C Dhar 

1 Introduction ,— In a recent paper * Dr Mifcra has given a method 
by means of which he has obtained an expression for the squares of 
parabolic cylinder functions The method he has employed, is that 
of the transformation of the differential equation and its solution 
by senes, a method used by Appellf and Hemet in Harmonic 
Functions It is the purpose of this paper to obtain expressions for 
the product and squares of parabolic cylinder functions by contour 
integration and also to obtain an Addition Theorem corresponding 
to the Neumann Addition Theorem in Bessel’s functions 

2, The well-known differential equation for the parabolic cylinder 
functions is given by 

-fjjr- +(»+W* a )2/=o. ... (i) 


The solution of the above equation D K («) is given m the contour 
form § 

(o+) 

D - (8) = ~ r -&J- I)e " V / (-0—1* * § , ... (2) 

OB 

which reduces, when n is an integer to the form 

v°+) 

D„(«) = - fe / •’**"*** (-*>"*" l * ... (3) 


* S 0. Mitra Proc Edinburgh Math Soc (2) 4 (1934) 27-32 

t Appell . Competes Rendus, 91 

1 Heme Kugelfunctionen, 1878 

§ Whittaker and Wotson Modern Analysis, (1927) 349-350 
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In this we make the substitution tf=— e ~* 9 and obtain 



-7T 


which can be reduced into the form 


D.(,)=|! .*• 



z cos 0— } cos 20 

6 

X cos i(nO~-z sin 0+-J- sm 2 0)d0 


(5) 


3 Let us consider the product D„(z) D„(z) -where both n and 
are positive integers and apply (4) We get 


7 T 7T 

D»(a)I>*(0 = ■ *~— ■ j — 6 ^ // e s(cos 5+ cos K cos 2d 

-7T -7T 


+ cos 2<£) <,*{«•# + »»<£-*(8in 6+sin <^) + Ksiti 2d + sm 2<f>)} 
Put 

0 — <jf»=2a 

0+<£=2j3 

and the expression reduces to 


D,(«)D„(is)= e“**’ y j e 2s cos oe “ ’ B —cos 2ae“* ' # 


X e .(.-m)a + <<.+..)e £ j arf /? 

Now, put tf=— 2 oos ae“ and the expression (6; becomes 
D,(z)D b (z)=^J e"^ a y" 

( 2 oos 

yi| 2p)| "+*-»*W> 
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,5» 

where 2 means summation from p=0 to p=±(n+m) or %( n +m— 1) 
according as (n+m) is even or odd, for we know that 

( 0 +) 

J e at * a ( — ty~' L dt=0, when R(y)>0 

The above expression can now be written in the form 

D„f«)D„(*) 

_ nlml a -£z* 2* +i ” -3 *’ +1 

» 2 p!(«+m-2p)! 


xj* cos (n—m ) o cos n+ ”“ a, ’ada 

O 

But, by Cauchy’s integral 

7T 

J a ooa q+r ~ 1 9 ooa{q-r)M6 
0 

♦Hence D.(z)D„(«)=D 0 (z) 


tg+r-l)2»+’- 3 B( 3 ,r) 

g »!»1 , , 

*=o I ( » -P) ! (m -p) | w 

4 In (6) we make the substitution, 

t— — VS cos a e - ' 0 

md get 

D.(*)D,(«) 

— »! r 7 " 


(?) 


• f e* <«-»•)« (y'jf cos a)* + “<ia 

“™7T 


wr/ w 

xjf e -V2^-^*-iz 3 +i (tan*a)^ 


njmj 

7 r 


( a/ 2) h+ * ,, "* jp+ * 

jp! (»+m-2p)| 


^n + m— »j( aV, 2) 


* 


0/ Gorak Prasad , Proc. Benares Math Soo , 2 (1920) 7 
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X J ^ cos (ft— m) a sm 3 *a cos* +m “ 3J, a 


da 


=nj m! tt-- o“T. B n+m _, P T> n +m-i p (2^2) . . (8)* 

p pKn+Tn—xp)* 

where 2' has the usual meaning and where 

» 

B* +B i-ap=— f 2 COB (ft— w) asm** a cos’ ,+wl " ftl, a da, 

7T / 

0 

5. It is now easy to obtain expressions for the squares of parabolic 
cylinder functions and certain integrals connected with them. 

In (7) make w=m, and we get 

(»!) 4 


d: ( z)=d o( *) 


=D 0 (») 


4 Juhl 

0 (■»»!)*(«— TO.)! 


D,«(z) 


( 9 ) 


Multiply both sides by D, M (z) and integrate between— oo and 
+ oo. we get 

/ ,* ,, Di(.)p, .(,)*- (»*»> ■ d») 

Again from (9) we get 

f **» m 1 fai - fi !?!.)! 

0 0 


= V.-», 11^=11 + i 


vj (w!) 3 (2m!)*(2tt— 2m— 1)1 (m. — ? n>) /,| * 
{(»— m)|}*(w!) 4 2 $,l+,w ^ 


* C/. S 0 Mitra BwK Calcutta Math Soc , 17 (192G) 

t S C Mitra Proc Edinburgh Math Soc t loc at , 81 
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Again in (8) we put nz=m, and we get 





_1_ * »|(2p-l)(2p-8) -31 ^ 

2" p^o (p!)(»— p)! *»-ar 


(zV2)* 


( 12 ) 


6 We will proceed to obtain expressions for the product of two 
parabolic cylinder functions with different arguments For this we 
take AdamafPs t integral in the form 

00 

D,W = (-l/”2 ,+1 (2ir)^ l! J .. (13) 


Hence 

D.(«)D.(.)«(-l)l<-+»> 

Xe *(x‘+®*) J J u . re -2u'-2t*+2 iX u+2txt ^ 

— OO —CO 

Make the substitution 

w— f= 2T 

w+£=2U, — - 

and the expression reduces to 

D.(x)DmW=(~ 1 ) i( " +,) j / e*{ ( X +<B) ‘ + (x-*) a } 

—CD —09 

x(U+T)*(U— T)“ e -4T*-4U*+2*'(x+-»)U+2i(x-»)T d(WT 
Prom the known expansion 

(U+TWU— T)"= s‘ A„ +w _ r U“ + -'T% 

x rsso 

* Ditto Ditto 

t AdamofE • Aun. de Vttustitul poletechuigue de St Petersburg f 5 (1906) 127-48* 


62 

where 


8. 0 dhar 


A _ »(n— 1 ) (n— r+l) 

a, + m _,_ — 1_ F(—r,—m , n—r+1 


1) 


we obtain 
D.(x) D u (e): 


(V2) 


1 *+» 

_ m+H 5 A m+Wt , 




from ’(87 thlS ’ ^ make X=S ~*' the ex P reS810n (14) reduces to the 
The expression (14) is now transformed by the substitution 
X+iB=»j V2 

X— <»=«, VS~ 

into the form 


D. ( gl+g » / *i+£» \ 1 »■+» 

'<✓2 ' " ' vT / rv2T"+*'?o'^'" +M "''^" + "~’( 2:i ^ , ’( g >) 


( V2j m+Hr =o 

whence we can obtain the integral 


( 15 ) 


B r (z V2) - (v'S)"*- 1 

(n+m-r)l A. +B _ r 


1 ^ 

X ~^ /^-(«+^)D.(«-0)D. +M _ r (a^2)^a 
From (15) we o&n also obtain the integral 

*/. Z D - C- 1 ^ 

_ (n+m~r)l «fa~ll...fa -.« M + i^ 


( 16 ) 


(V,2) 


m+n 


^(-r, -m, »-r+i;-d) ( 17 ) 
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7 We will proceed to-obtam the Addition Theorem 

I 

In (3)) we put *= x sin a+y cos a, and get D,(* sin a+y cos a) 

e -|(* aina+2/cosa) 2 < ? +) e -(*sina+ycosa)i-.p» 

2flrz J ' * 

_ «! — 008*0+2*^ sin a cos o-» s cos a a) “ D.Ct) 

— — ~ — e ' 2 -Sy-' sin* 1 a 


2m 


m=o yn\ 


(o+) 


xjf e y cos a #— -J- cos*a 
since it is known that 

eSt - ¥ *-x z * = ^ D m ( z ) r 

m=0 7)1 ! 

Put t cos a =^, and it is transformed into 
T) n (x sin a+y cos a) 

e — i(2/* cos 2 a + 2^ cos a sm a— a? 2 cos s a • D m (a) 


27T& 


(0+) 


*»=o m\ 


sin 7 " a 


xj e y U T U (— cos m "‘ , ac?a 

Now, we know that 
( 0 +) 

J e v u V n (_ w )»»- n “i^ = 0, when m>« 
Therefore 

D*(<» sm a+t/ cos a) 


Jt(# COS a — y sin a) 2 ~ D w (r) D n _ n (y) 

= e v * 7 sin a cos w a 

w=o m! (w— m)! 


(18) 


Now, when we take a= the above expression reduces to the form 
already obtained, * viz , 


* Dhar and Shastri Phtl Map (7) 18, (1934), 404 
Dhar ; Jonr London Math Soo (to be published by Shastn) 
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T) /, + 1 A_ »> -i(x-y)* £ Dn(x^ 2 ) D.-»(y^ 2 ) 

U'(x+y)— _ e ■£„ m j fw—M!!! 


(V2) 


(W — 7W)! 


( 19 ) 


We can, by the contour-method, find an expression for D« (a + y) 
which will hold for all values of « 

Take the form (2) and put z=x+y, and we get 

D.(*+Sr)=-r|+2) e~^y 


y «=o m< 

06 

Expanding e T ^ g ^»|y) (— j)“ and simplipymg, we get 


mi 


D.(*+y)=r(n+l) e~^y £ P- . ir . t j.- + j 5lriM 

>•=0 T(»— r+1) („ r| (,r— 2)J 


+ L p f -*(y) 

2* (r- 4)1 2! 


+L P-.(y ) 

2* (r— 6)! 3! 


- + 



(20) 


Bull , fial. Math Soc , Vol XXVI, No 2 (1934) 
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Note on some two dimensional problems of elasticity 

CONNECTED WITH PLATES HAVING TRIANGULAR 
BOUNDARIES 

BY 

B IBRUTIBHU SAN SEN, 

Kmhnagar Gollcgc , Bengal . 

Introduction 

Besides the torsion problem,* there are very few problems of 
elasticity connected with triangular boundaries of which the exact 
solution is known It is, however, found that m a few problems 
concerning thin plates with triangular boundaries, trihnear co-ordinates 
can be used with much advantage, while the introduction of other 
co-ordmates leads to complication To demonstrate the use of trilmear 
co-ordinates m some such problems, the present note is written, and 
for this purpose the following simple cases have been considered , viz — 

(1) Bending under normal pressure of a thm plate m the form 

of an equilateral triangle with supported edge , 

(2) Transverse vibration of a plate in the form of an equilateral 

triangle with supported edge , 

(3) Buckling under uniform edge thrust of a plate in the form 

of an equilateral triangle with supported edge 

It is believed that the method employed in these problems is new 
and that the results deduced, have not been previously obtained by 
any writer 

* Vide 'The Mathematical Theory of Elasticity 1 by A. E. H. Love, 4th edition, 
pp 319 and 320 
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(1) Bending under normal pressure of a thin plate m the form 
of an equilateral triangle 

Let the equilateral triangle ABC be the midsection of the plate of 
which the thickness is 2 h We take the origin at the point 0 which 
is the centroid of the triangle The axis Ox is taken perpendicular 
to the side BC and the axis 0y t parallel to this side 

If (r, y) be the Cartesian co-ordinates of a point P within the 
triangle, p x , p a , p t three perpendiculars from P on CA, AB and BC 
respectively, 2a, the length of each side of the triangle, and r, the 
radius of the inscribed circle, then we get 


Hence 


Pl =r+t - 

T 2 2 s 




Pa—r— «. 


Pi+P»+i’s=3r = aV3=i (say) 


( 11 ) 


( 12 ) 


■ The differential equation satisfied by the small deflection <oof a 
t^m plate bent by uniform normal pressure * per unit of area is given 


V?<o=g.= 2 °* (say) 


( 13 ) 


where D is the flexural rigidity, and 

Vl stands for + JL1 
6 ** 0 y* 

which expressed in terms of p x , p„ becomes 

.91 _ 0 ‘ 9 . 8 , 

K 0?J 0f»i dp x dp, Q Pa Qp 3 dp t dp x "* < 14) 


* Love’s ‘Elasticity' 4th edition, p 488. 
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At the supported edges, p l= 0, p 3 =0 and p s =0, we must have 


<o=0, and 


a a <o 

0r a 


+ <r 


( Q 8<J 

V 0s a 


+ 1 ~p)=* 

p dv / 


0 


Since 


v;<o= 


0 a <o 
0 v a 


+ d 3<,) ,i 0 <o 

9 s a p 0i/ ’ 


the last condition becomes 


<rVN+(l-<r) ^ =0 

Or 


... (15) 


• ( 1 . 6 ) 


where <r is Poisson’s ratio and dv an element of outward drawn normal 
at a point on the boundary 

As a solution of the equation (1.3), we assume 


“=A(ptj5 > p s +p;p 1 p s +p'p l p > )+Bp l p a p S) (1.7) 

A and B being constants 

Performing the operation given m (1.4), we find by virtue of the 
relation (1.2) 


Vt«=24Ap 1 p sJ p s -Afc»-Bfc ... (1.8) 

Again performing the operation (1 4) on the above expression, it 
will be seen that the equation (1 3) is satisfied if 


A= — 


*0 

24fe ’ 


(1.9) 


] 


* Love’s Elasticity , 4th edition, p. 296* 
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It is apparent from (1.7) that <o=0 on the boundaries Pi—O, p 4 =0 
and p s =0. 


Corresponding to the boundaries 


_a __ _9_ . i 

Qv 0p x 2 


A =_ 9. +1 

dv Qp t 2 


_9 a_. i 

dv 9p s 2 


P 1 =0 J Pa=0andjp 8 

=0, we have 

_e_+i A. 

dpt 2 0p 8 ’ 

... (1.10) 

0 ,i a . 

S — + 7% » an< * 

0Ps 2 0Pi 

.. (1.11) 

_0 ,1 _0 

0Pi 2 0P» 

• (H2) 


respectively 

Performing the operation (1 10) twice on w m succession and then 
putting Pi=0, we find for this boundary 

... ( 113 ) 


Henoe it can be seen from (1 8) and (1 13) that 
trV t«+ (1— o-) — -f?=0 when p, =0, 

i 

if B=-Afc a = ^ . 

24 


... ( 114 ) 


Similarly obtaining for other boundaries, we find that the 

condition £1 6) is satisfied on them for the same value of B as obtained 
above. 
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Hence the required value of 

(0 =~ Mk + — P1P2P3 • (US) 

At the origin p x =p 9 =p 8 =?, and there the deflection 


(2) Transverse vibration of a thin plate m the foim of an equilateral 
triangle with supported edge 

The equation of transverse vibration of a plate of density p and 
thickness 2 h is 


1 D df 


where . (2.1) 

2 E/&® 

3" 1— o-* * 

When the plate vibrates m a normal mode, <*> is of the form 
W cos (p£+£) 

Whence we find that W satisfies the equation 

vtw= W. .. (22) 

**»• 

For a supported edge, we have as m the former problem W=0, and 

<rVi*W+(l-(r)-|i^ =0 ... (23) 

at any point of the boundary- 


* Love’s Elasticity, 4th edition, p 496 
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For a simple type of vibration, we can write 

W=A„ f sin -t-ain ggfga +Bm tonrp, 1 

L * * k J 

where m is an integer and A., a constant 
When p x =0, 


W=A„ r S m 2 -^ +sm 2^y, 1 ' 

L * k J 

=2A. ■»^.(p,+ p ,)oo,~ (p.-p.) 

=0 


(smoe p 4 +p a =fc when p x =0) 

Similarly we find that W=0 on the other sides. 
Again < 

vjw=— 4wt>7r3 

henee V iWcO on the three bounding lines. 

At any. point on tl^e line 0 A 


9W = _ aW. ! 9W..0W 


( 24 ) 


(2 SI 


_2mjt . f 

~t- a -L 



co.^S.+j** 



. £ -faia^g£j + jam + | am j^rp. 


t?i=0, the] 


= _2w*7T* 

k* 


sin 


m7r 


X(F, + P.)c6s p<p.- Pi ) 


= 0 . 
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Thus we find that 

1 W+(1— a) =0 when p, =0 

In a similar way it can be shown that the boundary condition 3) 
holds good on the other lines p 9 =0 and p 3 =0 

The expression for W given m (2 4) satisfies the differential 
equation (2.2), if 


16m* tt* _ 3p(l— o- 4 ) 4 
k* E h* P 


% e , if 


,_ 16Efo a 7r 4 m* 
3p(l— or 9 )/c 4 1 


.. (2 6 ) 


For different integral values of m 9 this result gives the periods of 
vibration of the type assumed 

(3) Buokling under edge thrust of a plate in the form of an equilateral 


Let a) be the small deflection due to the uniform edge thrust P 
per unit of area of the rim surface Then the differential equation 
satisfied by a> is * 


Dv5<o=-2«PV>, 


or Vt°>+^'Vjw=0, 

■where X»= 

BX» 

At the supported edge we shall have 
<o=0 and 


<rVj«+(l-<r) -|^L =0 


... (3 1 ) 
••• (3 2) 


.. ( 33 ) 


Vide Love’s Elasticity, p. 538, 
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*2 

Let us assume 


J, .. (34 ) 

where m is an integer and A w , a constant 

We have already seen in the previous section that this value of a> 
satisfies the boundary conditions stated in (3 3) 

Substituting the value of w in the equation (3 1), we get 

=>£[*. 


This gives 


p_4E^ 8 7tt 9 7T a 

“3(l-<r*)fc a ' 


.. (35) 


The least value of P oonsistent with the assumed small displacement 
<o is therefore 


4EfcV a 

3(1 


... (3.6) 


when m=l 


Bull OaL Math Soc., Yol XXVI, So 2 (1934). 
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W ° N an Octavio related to two Co-planar tetrads 

of Points” 


BY 

P N. Dasgtjpta 

{Abstract The cross-ratios of the two pencils subtended at a point 
by two tetrads coplanar with the point, if connected by a second 
degree relation, the locus of the point is an eighth degree curve It 
has been shewn that this curve has double points at the two given 
tetrads and at another tetrad With every point P, on the Octavic is 
associated, under certain conditions, three otbei tetrads P P P 
such that (P, P a ), (P, p s)l (P 8 PJ, ( p 4 Pi) are insonbable # ; n * 

conic With one or other of the given tetrads A. generalised result is 
also given ] 

Introduction A point when joined to a tetrad of points in its 
plane, gives a pencil With a cross-ratio This same point when joined 
to another tetrad m the same plane, gives another cross -ratio, whioh 
if connected by a second degree relation with the other cross-ratio, 
gives a locus for the point which is an eighth degree curve The object 
of the present paper is to study some geometrical aspects of this curve 
and its generalised analogue 

1 Let Ur, y») where r=d, 2, 3, 4 and 5, 6, 7, 8 give the two 
tetrads, referred to later as points 1, 2, 3, 4 and 5, 6, 7, 8. Jf U «) 
be a variable point P, the line joining P to (a: r , y t ) is, ’ ’ ** 

(y-yr)/(-“-«f)=w r , say, 

hhen — r, y, I sc — suppose 

*r, y r , 1 

. • l , 
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Now let p as {1234} 


then 


_ (m,— w,)(» _ (12)(34) 

P (m 1 -w 1 )(w il -mi) (14) (32) ’ 


and <r={5678}= 


(56)(78) 

(IP 


Now, if it is provided that ttp® +2Aptf+&<r* +2yp + 2/<r+c=0 (1) 

we get as locus of P, the eighth degree curve, 

al , q*+2hlmpq+bp , m* + 2glmq i +2fpqm t +cq*m*=Q ... (2) 

Where 

Z=(12)(34), w=(l4)(23), 
p=(56)(78) and g=(58)(76). 


Let the curve in (2) be denoted by f . 

2 We can write (2) in the form 

lq(alq+2hmp+2gm.q)+m*(hp a +2fpq+cq*)=0 (3) 

So, l=o intersects r where either 
m»=oor bp*+2fpq+cq*=0 ... (4) 

A gain m*=o intersects the curve where l*q*=0 ... (5) 

Als o similarly g=o intersects r where p*m*=0 • M (6) 


p has double points at each of the points 1, 2, 3, 4 and 5, 6, 7, 8 
and also at the following intersections of the lines (14) and (58), 
(14) and (67) , (23) and (67) , (23) and (58) ... (7) 

3 If a point P is taken on f it gives a determinate cross-ratio p 
with the tetrad 1, 2, 3, 4 and another cross-ratio a with 5, 6, 7, 8. 
How P With 1, 2, 3, 4 form a set of points which determine a come, 
let us call lt'Sp Similarly *P With 5, 6, 7, 8 will determine another 
conic S<r say. Now Sp and Sc intersect m four points which are real 
or m conjugate imaginanes. 

We would for the purpose of subsequent work class these 
simply as ‘ points ’ Since P is one of these four points of intersection, 
there is associated with P, three other points forming a tetrad of 
points whioh we denote by {p, o-} Now Sp intersects p m 16 points 
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of which eight are at 1, 2, 3, 4 which are double points, four given 
by {/>> v} too remaining four are given by {p, c /} where <r and <r' are 
the two roots of (1), considered as a quadratic m o* where p has a 
given value Similarly So- intersects f , besides 5, 6, 7, 8 and {p, <r }, 
m four points denoted by {or, p'} where p, p' are the roots of (1) 
considered as a quadratic in p, <r having a determinate value 

Thus we get, any point P, giving a cross-ratio p and o* with the 
basic tetrads, is associated with three other points forming a tetrad 

{p, o-}, such that associated with it are three other tetrads forming 

the set, 

{p> * }. {p'» «■ } 

{p, o'], {p 1 , <r'}, 

the components of any one of these being real or m conjugate 
imaginaries such that any pair of tetrads in a row or in a column is 
macribable m a conic with one or other of the basic tetrads 1, 2, 3, 4 
and 5, 6, 7, 8 

Reciprocally, we have from (1) to (6) If there are m a plane two 
quadrilaterals with sides 1, 2, 3, 4 and 5, 6, 7, 8 then any line which 
intersects in groups of points with cross-ratios p={l234}, cr={5678} so 
that, ap* -f 2hp<r + b<r 9 -f 2gp+2f<r + c—0 1 the envelope of the line is the 
curve C of 8, which has as bitangents 

(<x) the sides of the quadrilaterals, viz , linos 
1, 2, 3, 4, 5 8 

(/3) the joins of the following points — 

(14) and (58) , (14) and(G7), (23) and (67), (23) and (58) (9) 

And again, any tangent to c with three other lines form a 
quadrilateral {p, <r} such that associated with it are three other 
quadrilaterals forming the set, 

{p. *}> w> *} 

(p> (p>'} 

the components ot any one of tlieso being real or in conjugate imagi- 
naries, suoh that any pair of quadrilaterals in a row or oolumn ciroum- 
sonbe a oomo along with the sides of one or other of the basic quadri- 
laterals 1, 2, 3, 4 and 5,6,7, 8, •« (10) 
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4 The restilts (7) and ( 8 ) can be extended to the ease where' 

p and' <7 are connected by the general nth degree relation of the 
type 

u %(Pi <r)+M»_i (p, <r) + ..+w 1 (p, <r) + c =0 

where Ml represent homogeneous functions of degree n 

1 , etc of p and cr ° 

It can be shewn that — 

(A) the locus of P as from (11) is a curve 2 of the 4»th degree 
with « branches through each of the eight points of the two basic 
tetrads and the four intersections of the lines (14) and ^23) with 
(58) and (67) 

<B) Any point on is associated with three other points form- 
ing a tetrad {p, cr} such that associated with it are ««-l other tetrads 
forming the set ’ 

{p> *}> {Pi, o-}. . . {p._„ O-} 

b’ °-l}> {Pl> 0^}, CTj} 


{pi, (p,.,,!!,.,} 

the components of any one of these being real or in conjugate ima- 
ginanes such that any group of tetrads, m a row or column is 
mscnbable in a conic with one or other of the basic tetrads 1 , 2 , 3 , 4 
and 5, 6 , 7, 8 , provided that corresponding to P , the » values of <r and 
correspondmg to cr, the n values of p ate real __ ( 12) 


Bull. Cal Math Soc., Vo] XXVI, X 0 2 (1934). 
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EEVIEW 

Relativity- Thermodynamics and Cosmology R C Tolman 
(Published by Oxford Clarendon Press ) 

After the classic treatment of the Theory of Relativity by Eddington 
m his Mathematical Theory of Relativity which till recently -was tbe 
only serious book m the English language on the subject, there has 
not for a long time appeared any other book in the same language 
dealing with the subject with any degree of thoroughness The 
Theory of Lorentz transformation otherwise known as the Restricted 
Theory of Relativity has, however, found a place m many a treatise 
on Electrical theories on account of its simple mathematics (but far 
less simple ideas) and its immediate application to many classical 
problems m Optics and Electricity The General Theory which can 
only be explained with the help of the technical mathematics of 
Tensor Calculus is not included in any treatise on Mechanics and 
has remained a subject to be studied only by those who are specially 
interested Physicists, specially those interested m the experimental 
side in the English speaking countries, have generally shown very 
little interest in Relativity, particularly in the General Theory 
It is therefore refreshing to see a Physicist studying Relativity and 
we can expect from him physical insight into the intnoate mathe- 
matical formulae which the Relativitist must use as language for the 
expression of his ideas 

Tolman m his book discusses three different interdependent topics, 
Relativity, Thermodynamics and Cosmology Though written by a 
Physicist the book is intensely mathematical But no opportunity has 
been missed to stress those points where contact has been estabEshed 
with experience At the same time experimental details have been 
studiously avoided, though it must be admitted that in a comprehensive 
book like the present one, some more accounts of experiments and 
observations would have been welcome In presenting the subject tbe 
physical nature of the assumptions involved has been placed to the 
forefront and mathematical analysis has been used to serve physical 
purpose A notable case in point is the attempt at deducing 
relations among observable and measurable quantities in the pheno^ 
menon of the recession of nebulae in Cosmology, which forms an 
immensely interesting ohapter m this part of the book The 
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elaborate account of tbe modem astrophysical methods m chapter 
X, Part IV, will be found very valuable as these are not easily 
accessible to the ordinary reader The portion on thermodynamics 
is entirely tbe author’s contribution to the subject The relativistic 
analogues of the two laws of Thermodynamics have been proposed 
by the author and applied to specific oases The author finds 
that a Schwarzschild sphere of thermodynamic fluid m thermal 
equilibrium will not have uniform temperature but the temperature 
would morease towards the centre, so that heat energy (which must 
have meitia) would be unable to fall from higher to lower potential 
due to the opposed temperature gradient Other applications of his 
new thermodynamical equations have been made m the chapters on 
Cosmology The author has pressed two interesting points of 
Eelatmstic Thermodynamics, namely, that relativistic reversible 
thermodynamic processes with finite velocity are possible and an 
irreversible process need not oulmmate in an entropy maximum, and 
has devoted considerable space to the discussion of these topics. The 
point of the author in all this development is that Relativistic 
thermodynamics rather than classical Thermodynamics is likely to 
give us more success m the grand scale survey of the Universe 

The third part of the book dealing with Relativistic Cosmological 
speculations is very welcome, as such a complete treatment of the 
subject, specially by one who has worked in it, has not as yet appeared 
in the literature on Relativity, The cases of the Einstein Universe 
and the de Sitter Universe have first been fully discussed Then 
follows the deduction of the nonstatic line element, Lemaitre’s 
Cosmology and complete discussion of the red shift and of the various 
cosmological models and finally some numerical speculation The 
treatment in almost all parts of the book is tbe author’s own, which 
testifies to the thorough acquaintance of the author with the subject 
eYen to the minutest details 

To the Relativitist the perusal of the hook is a real pleasure 
The introductory portions of many chapters are charming and the 
author’s ways are so convincing that very few readers will be able 
to complain of any haziness after going through a chapter. It oan 
certainly be said that the literature on Relativity has been considerably 
enriched by the appearance of Tolman’s Relativity, Thermodynamics 
and Cosmology * 


Bull. Oat Math Sot, Vol. XXVI, No, 2 (1934), 
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On a nbw method on caocolation of Stank Effect of 
ALL ORDERS APPLICABLE TO THE BALMER LlNES 

of Hydrogen 


BY 


K Basu 

( Communicated by Prof N, B Sen ) 

1. Introductory 

• The present paper contains a full account of a new method d«™ 
loped by me for calculation of Stark effect of T 
consideration of perturbation of a free hydrogen hL a Z 
electric force It was nmnfnd v 7 ° “ ke atom ^ external 

oi „ - ■ - * ™. ^ :?:— *» - 

h t mtote » ,ln(t About 20 per coat larger that, that gireaTyZdd 

sTfrr™* e ' ” *“ *" *• 
rr,*; - r ; *~ 

90BB0D1HGS11,* Mb ,\5“ 

and.wmli n ’ WALLER > ^OOE,” SOMMEEFELD, ' 0 WENTZEL 1 

a d basu One important point to be noticed regarding the 2nd d 

Affect d.r.™d by th„e .utbor, th„ .bet .h.X»7u, ittll 
erery mpcot, „ oobHrmod by Tsr y b L * !* “ 

rzcrr ■ 8l,6h% *— - -* ^ 

.fSjr»::,s.r;n.r.:r;,CE 

workers, mentioned to have been worked out by do i 1 » on the h« t 
t e new wave mechanics The expression of Doi for the 3rd order 
effect utihsed by Ishida and Hiyama is only approximately true for 
several and <r- components of H y and H g lines Gebaner and 
Rausch (1 o.) have drawn a calculated and observed Stark effect 
12 
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shift graph — entitled A^- J graph — for the v 18 component of 
H,y for the three orders of the field, and pointed out that the deviation 
of the theoretical from the observed values of m the cubic effect 
is very small for fields ranging from 0, 6 to 1 Million Volt/cm, so 
that a calculation of the 4th order would be very desirable From 
calculations of the 4th order term value of energy I have drawn a 
deviation graph of the same line showing all the four effects, which 
has upset G-ebauer and Rausch’ s prediction that a 4th order calcula- 
tion would show hopeful coincidence between theory and experiment 

This shows that we cannot utilise perturbation method at least 
in the case of very high field m the Stark effect problem for hydrogen, 
or for that matter, for hydrogenic atoms, inasmuch as the expression 

for Av, viz , 

Av=oJ r +W ra -bed 8 +&I7*.. . «... ••• (1) 

ceases to be convergent at a certain point for one Million Yolt/cm 
and secondly, it remains valid when the total quantum number is not 
very large. We shall see that Schroedinger’s perturbation theoiy 
has these limitations in the present problem, which could not be 
judged a t pnon 

In a more recent paper by lanczos 10 an attempt has been made to 
solve the problem of the Stark effect m hydrogenic atoms for high 
field by taking an asymptotic solution of the Bessel-type of the wave 
equation m polar co-ordinates established by Schroedmger instead of 
the usual parabolic co-ordinates According to this author the usual per- 
turbation method is unsuitable for the problem for some qualitative 
reasons In the present paper, a few results of which were previously 
published in abstract, 1 7 we shall try to substantiate this, quantitatively* 
from our own standpoint, without having recourse to polar co-ordinates 
but retaining the parabolic co-ordinates of Epstein* and other old 
workers in this line 


2. A Modified Theory of Perturbation 
The wave equations for the unperturbed and perturbed problems 


are * — 

VV(*.)+CP<-V.(^)Ka,)=0 ... (2) 

... ( 3 } 

where 0 stands for 



CALCULATION OF STARK EFFECT 


81 


Let the characteristic value and the characteristic function of (2) 
he E, =E t (w), and *K&,)=t n) respectively , where, generally, 
tyoiton n ) 18 a polynom of the nth degree m x tm Assume 

09 

'K<r.)=^ a T 'l'o( x ti T ) 

T—O 

as a solution of (3), where the series is convergent Since the polynom 
is well-studied we can express YJ/, )^(* t ) m a finite senes of ^ a (a 5 ,,r) 
Thus 

V 1 (js,M.r,)=2 a T Vi(*,)i/' 0 (a!., t) = 2 + 

T — 0 T=0 

+f°'P 0 (j , .<t)+ .+/'<A o(».»t+;)] 
where the co-efficients f*( h=—j, , 0, +;) are all known 

Substituting in (3) we get • 


2 « T ^o(*.» t) + 0[E,-V 0 (i-,)] 2 a r <M*(>T) 


=CA2 etc] . (3') 

T—O 

Now since ^ 0 («r,, T ) satisfies (2) we get 

vVot'fii T) + 0[Ei(T)— Y 0 (j) < )]f 0 (r,, t)=0 

(r=0, 1, . ) • (2') 

Subtracting <2') from (3'j we derive an identity 

2 [E^E^r)]®,^!!;,, t)bsA 2 r-j)+ .] 

T=0 T=0 i * 

Equate co-efficients of ^ 0 (» l9 r) to zero * 

[E, — E<(r )-kf°-}a r -\a T+ J-l- .-A =0, 


(r=0, 1,2, ) 


( 5 ) 
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JLS Se i° f ^ omo § eneotls W equations the 


i the following determinant A to 

1 be zero 


• ft 

, 6 V»-s, 

-V;ii, 

-Vr s , 

V* +■ i , 

-V:*, 

•» —Vi-.. 

*-VS-„ 

-V: 1 , 

-Vr+i, 

-V»+» 

1 

< 
*1 0 

1 

-Vi-„ 

1 *-VS 1, 

-Vr+i, 

l 

+» 

10 

•*. ^ n — i , 

-Vl-i, 

-Vi, 

«b 

1 

£ 

+ 

-Vri a 

. -VS-.. 

-VI-1, 

-VI, 


^-Vl+ai 


0-B tn T I W l haye Wntten T=W * a P^°ular integer, and 
e-B, -E, (») where the ezgenvahe 6 is to be determined It is clear 

that, when A= 0 ,*= 0 , and when B> where 0 r „ etc, 

are to be found out m terms of the known f,~by expanding the deter-' 

nnnant. The crux of the problem is to solve this determinants! 
equation of infinite order for the proper value f) a „ 

o' * ■» «- «-7 *=o oL p^:: ”*“ 7 * 

A, «b,u.t,™ ,U, of mltato d.tornnnaut, „„ made b von 
- W « « k “ 1 ‘ follow tin procedure for oxpanaion 0 f such dolor. 

2 ° *«*-*— ». general c „. whan „ rnna from -o= 

+ , but in onr caee n runs fromOto +oo Each row ofour 
determinant mmtaia, <%+ 1) element, If „ divide each „w by 
the corresponding diagonal element of that row all tb« , 7 . 

£££* d^ona, booom. unity, „ d tbo detllttT 


1 » A,__ . A A 

1,0 A, ->»« + l> 

* A --> A —» 1 , A 1I1+l) A 1><+ „ . 

*. A l+1>l _ t , A t+ltt , l , A (+1 , <+ „ . 
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Now this will be of the normal type if the doubly infinite series 

06 oo 

Jo conTer g ea L et us expand this determinant by the 

scheme noted below : 


Asl+2 

0, (ij) 

+5 

0, (ij), ilc) 

+s 

0, [vj ), (ik), (ill 


(p), o 


P), 0, (;*) 


(P\ 0, (;*), (;Z) 




(**)» (fy), o 


<*»). (*»), 0, (H) 






(*»), <h), (Ik), 0 


have written (,,) ter A,„ and ,, t, are such that 
o 1 Wl11 b0 ° lear thafc the 2nd order determinant contains 

X \ th ? 3rd ° rd6r ° ne contains * 3 - and 80 on , so that we can find out 
perturbations up to any desired order 


3 Formation of A m Stark-effect 

We shall not describe here the details as to how the Sohro ding er 
wave equation ter Stuk-.tfeet p.oblem „ termed ,n parabelm 
erd.natee but abell gm an outline T1 e leader in referred to Sommer- 
feld s treatise on Wave Mechanics ’ (Chap II, § 2A) 


The usual Schnjdinger equation for this case is 




( 6 ) 


where \=8n>m 0 eJ/h\ J=external field in the direction of the *-axis 
Using the usual parabolic co-ordinates (£, tj) defined by < * 

y=fri cos <£, e=fr) sin, 4>, i ' 

and assuming 

the combined differential equation for f 1 and /, is ; 


+1 g£ + 

dr * v dr 




• 1 , 


(7) 
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wherein w© have introduced the abbreviations 


r 



P 

n* 



\ ~ H-7T 2 7M.q6J [ fo 9 9 


A=27r*m 0 E/A*,B= (Ze* +/3), 


0= — 


4 


Using the transformation 


(/}= separation const ) 


f^ze^ p T *w(p) r (p= 2 a/— A r) 
we ultimately arrive at the differential equation ; 

+ + p)to r (p)+n { w—X r p 9 w ... (B) 

wherein for brevity 


B 


Wi=' 


V-A 


-iC m +l)> 


[2V-A y 


The solution of equation (8), when V is absent, is well-known to be 
a derivative of the Laguerre polynom,* 5 which wo shall denote by 
the symbol * and call this an “associated Laguerre poljnom 

of degree n % and derivation m” For the solution of the complete 
eqnation (8) we assume a senes involving these polynoms. TIxixh 


DO 

w(p)= 5 am+rLZ+r OO — (») 

r = 0 

\ 

Substituting this in (8) and remembering that 

pL"; +r (p) + (m+l— p)L'; +r (p)+rL; +r (p)=0 0=0, 1,2...) 

we derive s 

5 ®m+r (**» (p) ^ rR* ^-C+r Cp) • • (10) 

r=0 r =0 

the right hand side of this admits of expansion in terms of st&ftooi&ted 
Laguerre polynoms as can be seen from a recurnng formula established 
below : 
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The Laguerre-polynom L,^) as defined by Courant-Hilbert is 
developed from the following generating function (for £<1) 

_ - L,(a?)r 

1 — t *=o n\ 

From this it is easily seen that the associated polynoms possess a 
generating function defined by 


-# * 



(1 _*)*+! 


=(-)“ 


» VUMr 

»=o (n+m)! 


=^(*1 0- 


This is m fact clear by differentiating m times the corresponding 
Oourant-Hilbert identity for L„+„ with regard to t Taking logarithms 
and differentiating with respect to t we obtain , 

where i ]/ denotes the first derivative of if/ with regard to t Substitut- 
ing for \fi and if/ their corresponding values in series given above, and 
equating co-efficients of rfrom both sides we get the sequence relation 


. w+ *~ l!T+*+ i (■») — ( 2w + w + 1 - • r ) L » +”• + m ) ’ L *+»- 1 =°’ 

n+m+l 

By repeated application of this we find that is expressible 

in terms of five polynoms with constant co-efficients, of degrees »— 2, 
n— 1, n, n+1, n+2 Thus 


(«+l)(n+2) 


• T ** / \ y # p | i — / 

c — l)C n “4“ 2) 


-*«+»+$ 


(«) 


2(w+l)(2w+w-+2) + 6 «w+ 6 n+m* 

n+m + 1 

+ 3m+2)L* +m (n)— 2(» + m ) * . (2»+m)L"+._ J r ) 
+(»+«»)•(«+»»— 1)*L « + *-& (»)< 
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Applying this result to the right hand number of (10) and equating 
co-effioients of say L ? +m (p) from both sides we obtain . 

^r-,a»+r-,+y r - 1 a* + ,_ l +(d+o r)o» + ,+8 r+1 a n+ , +1 + e ,. +aaiii+( . +ii _ 0 

where ’* 

e=-n„ a, =9 +A'A„ p r =A'p r , y r =A'y' r , 8 r =\'8\ , e r =AV, , 

O' -- (r±M?±h =_ 2(»-+l)(2r + m+2) 

(r+m + l)(r+m+2y Vr r+m+1 ~ ’ 

«' r sA r = (6r a +6m + 6r+m’ + 3w+2), 

8 , r = _2«r+w)’(2r+w’), = (r+w)*(»"fTO-l)* 

We have thus an infinite set of homogeneous equations for the 
unknown co-efficients a„, a m+l , a m+i , The condition that such sets of 
equations have a solution, which do not vanish identically, is that 
the determinant of the co-efficients, A [6], should vanish The eigenwert 
B is to be found out from the following determinantal equation— 

A[$]=l ’ I0,r{ 2 } 


. yr- 8 , 

0 + a r , 

a; ^ r - 

•1 J 

*r, 

0 , 

0 , 

o , 

> Pr—Si 

7r- a , 

0 + a 

r — 

1> ^rj 

€ r + i> 

o , 

0 , 

, 0 , 

fir-2 J 

7r- 

U 


~r\, Sr+i, 

€ r + g * 

0 , 

, 0 , 

0 , 

fir- 

i> 

7r> 

^ + a r + l, 

^r + 3* 

€ r + s> 

. 0 , 

0 , 

0 

l 

fir, 

y r+ u 0 + a r+1 , 

^r + S , 


Since we are concerned with that root of 6 which lies in the vicinity 

.7 , haVe WIltt6n tie det ermmant m this form placing 

the element 6+a r exactly at the centre, and bordered The root 
we are going to find out is developed from the root — a r . 

4. Expansion of the Determinant 

/r rd r to faCllltate oaloiilatlons for lugh orders, say the 3rd 
of a. Tka „ obtained by dotted ooo-d.ajtooiU 
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instead of non-dotted elements This means A' is absent from all 
non-diagonal elements The following notations are utilised for 
writing this determinant 

s[r+2, f ] = ( 20) , /3\_ a = [r, r-2]=(02) , 

Fr-i s O+l, r ~l] = (ll) , ^' r+s =(42), etc 

y r Fs[r+l,«-]=(10), r— l]j=(0l) , J 

Vr+i = 0+2, r+1] =(2l) , etc 

y r+i»(r, r+l]=(0l) , S' r s[r— 1, t]=(IO) , * 

1 ® 0 — 2, » — 1] = (21), etc 
«'r+«=0. r+2]=(02), e', s[r— 2, r]T=(20), 

^r+i s[r— 1, r+l] = (ri) , etc 
we have then 


... (4i), 

(4«0, 

(42), 

o , 

0 , 

0 , 

0 , 

0 , 

0 , • 

, m 

(S3 - ), 

m, 

(ST), 

0 , 

0 , 

o , 

0 , 

0 , . 

(24), 

(23), 

(22), 

(21), 

(20), 

0 , 

0 , 

0 , 

o , . 

o , 

CIS), 

(12), 

<n>, 

(TO), 

(11), 

0 , 

0 , 

0 ,... 

, o , 

0 , 

(02), 

(01), 

(00), 

(01), 

(02), 

0 , 

o ,... 

•••> 0 » 

0 , 

0 , 

(IT), 

(10), 

(ID, 

(12), 

(13), 

o 

. 0 , 

0 , 

0 , 

o , 

(20), 

(21), 

(22), 

(23), 

(24), ... 

o . 

! 

0 , 

0 , 

0 , 

o , 

(31), 

(32), 

(33), 

(34), 

‘ , 0 , 

0 , 

0 , 

0 , 

o , 

0 ^ 

(42), 

(43), 

(44), . 


Make the elements of the leading diagonal in both the determinants 
nnity, and expand them according to the scheme given m Sec. 2 
This gives s 

13 
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a [/»]-■! + _ . yss r , t 

(0+a.) (0 + a,) (0+a.) (d+a,) ( 0+a *) 


+. 

^ + a .)(0 + “>)(0 + <**)(0 + *!) 


( 12 ) 


’where 


So = 

0 » (»;’) 

5 s f ,» = 

0 , (*;,) (it) 


(JO. 0 


OO » 0 , (j%> 

♦ 



(*0 . <*J), 0 


S<j*i — 0 , (ij), (ik), (*i) 

00 , 0 , (jfc), (J l) 

(h) , ( Jcj ), 0 , (H) 
(K) . Vl), Ok) , 0 

Equa. (12) may be written more clearly as 


f 6+a r 1 f l+X'*^ +\'*2 Sjll» 

*- -I L ($ + <*<) (0+a, ) (^+ a .) (^+a*)(^+a J ; 


+x'*s 


S ut 


(0 + a<)C 0 +a,)( 0 +a*) ( 0 +aj) J 

4 -A,'*S +A /2 J * I \ u * S r Jt i _ 0 

i 6+ a, j,» (0+aj)(0+a t ) j,t,i (0+a t )(0+a t )(0+ai) ’ 

or. [»+..] + [V ? ^- +i '.S i(55 ^ fe - ) ' 

+X ,.*.i (*+«,) [0+a.) (0+a,)] [ 1_X t 2 v (tf+o.Xfl+ap)] = ° ‘ 
keeping up to the 4th order m X', 


or, 0+r+\' A,+X' S=r^- +X' S ®t->* 

f 0+a, u* (^+®0(^+ a ») 



CALCULATION OF STARK EFFECT 


89 


+ V 4 S brjkt “Sj SlV * 

J,*,I (0+aJ (0 + a k ) (0 + a t ) ,0 + a, ^ (0+a, )(0 + a„) “° ^ ^ 

The following are the proper values for successive approxima- 
tions — 

Qo~—r } 

«J=-r-X'A r> 

e t =- r—X'A r -A'*3 AAl. 

* e + a > 7 (j-r) ’ 


0 # = -r- A'A r -A'*3 


^ — - - ■ y» 5 Qr t jt 

' [(j ~ r )+^'(Aj — A r )J ,7* (]—r)(k— r y 

= — r— A'A r — A ' s 2 f l-A , ( A .»~~ A -)~).-x'» 5 S rjt 

' (;—«■) L ( 7 -r) J it* il-r)(k—rY 

= — r— A'A,— A'* 5 +A'»r ^ S, ,(A,-A,) - S r , t l 

> (j“ r ) L> (j— ;.* (j—r)(k—r) J’ 


^ = -r-A'A r -A ,s S 


S, 


' [ (;-r)+A'(A,- A r )-A'»3 JLiJ 


-A'* S r s ^* 

'•* [(j—^J+A't Ay— A r )J[(4— r;+A'(A* — A r )] 


-A'* 2 ®ri*_L__ + x'*2 §r* 2 Stv 

i.k.i (j-r)(A!-r)(J-r) j (j-r) t iV (i-r)fv-r) ’ 

=— r— A'A r — A'*2 -Ai_ f 1+A' A-~Z A r-A fil 2 Sr ' T* 

* (j— »■) L ( 7 — r) , (j-r)* J 

-A'»a — — r f i+vAzA TT i+v A »~ Ar T* 
i,k tj—r)(k—r) L J-r) J L (&-r) J 


—a'* a 


(k-r) 

■ j, +A'* a — r ' a ^ tv . 

*> k » l () — r) (&— r)(l-*-r) j (j—r) t v (t— ■ r)(v— r) > 
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= — r— X' A r -\'*2,JLL. f 1 + x'-» — L 

j L (j-r) <y— r) 




®£i_ 

(j-r) 


+X'» 


( A , ^-r) S J _X'S J ^>r , * 

0 — r ) * J i,k(l—r){k—r) 



A, -A , 
j-r 


+ A *-Ar 


>] 


—X' 1 2 P|1 ** 1 j-X'^S 

„* i (j-r)(&-r)(Z-r) + , 


S, 


2 


Siv 


0~ r ) i.v (t—r){y—r) 


= — r— X'A r — X'*2 — 7 +X'»r 2 S,,(A,-A r ) _ ^ S,, t "] 
' 0~ r) L, (j-r) s ^ (j-f)(H J 


* r —2 ^ 

,(A,— A r ) s 

+ 2 

Sr, 


L r 

0 -r)‘ 

3 

(;-r) 


s r) 

^ ,, 

S„* 

(A,- 

Ar) 

(l- r )‘ X ( A -- r ) 

(J- 

r j 2 (fc- 

r) 

+2 

Sr 3 — 

Ar) 

_ ^ 



1 

1 

g> 

0* 

1 

0 - 


"We give now the equivalents of the determinants S's m expanded 
form, which will be useful afterwards 

0 r ) i S rjt =(r;) (j7c) (kr) + (rk) (kj) (jr) , 

Sr, *:=[(??) Or) (**) (&) + 0*) (lr) (j ft) (ft,) + (rfc) (fcr) (,Z) (Z/)] 

~ C(*7> O fe ) ( &Z ) ( lr ) + in) 00 (M) (kr) + (rk) (kl) (lj) (jr) 

+ ( rl ) ( fy) 0 z ) (W + (ri) (Ifc) (fcj) (jr) + (rl) (Zj) (jfc) (fy)]. 


5. Calculation of Energy up to Beaond Order 

With the help of results obtained in the preceding Sec for the 
proper values of different orders we easily write down now the proper 
value of the 2nd order 

0»=-r-X'A,+X ,S 2 ^ '-El 

1 (]-r) ’ 
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a-f-Vi.+V 1 i (Q1 ) ( 1Q > + ( Q2) ( 2Q > i (01 ^ (10) (02) (20) ) 

1 1 2 + — 32“ y 

— r -x^ r+ v*{ 8 r+1 y,+^ r+ / r -y r . 1 y r ^ r ./ r } J 
== « r -\^ r+ \'a[4{( r+m+ l)(2r+m+2) 3 (r + l)-r(r+m)(2r+m) 2 } 
+i{(^+l)(r4-2)(r4-m + l)(r+m + 2)— r(r—l)(r4-m)(r+m— 1 )}] (15) 

It is interesting to note that the four terms within the above paren- 
theses are identical with the corresponding terms of Sommerfeld ( l c 
p 191) obtained by Schiodinger’s method of Storungs-calculation , 
of course, there will be a change of sign on account of the fact that 
our 0 corresponds to — n, 

Adapting this result (15) to the constants of the two differential 
equations mf 1 and / a , and assigning proper signs to \ r we write 


— == ^i + ^ , (6r* +6r 1 ?n + 6r 1 +m 9 +3m+2) 

h % v—A 

~ k'*[4{( r i ■bl)(^i+^ + l)(2r 1 +m-f 2) 8 — r 1 (r 1 +m)(2r 1 -fm) a } 
+-i{( r x + l)( r i + 2)(r 1 +m + l)(r 1 +m+2)~ — 1) 

(r^m— l)(r l +m)}] (16) 

— + 1) =r a -~V( 6 »* a + 6r a m + 6? a +m* +3m+2) 

\ % v—A 

— A /a [4{(r a +m+l)(r s + l)(2r 8 +wi+2)* —r a (r a +m)(2r a +wi)*} 

+ H( r * + l)( r u +2)(r fl +w + l)(r a + wi + 2j— r a ^r a — l)(r a 4 m- 1) 

(r a +m)}] . (17) 

Adding up (16) and (17) and making algebraical calculations we find 
r i +* , *+w*'+l xs a factor We derive finally 


2ir*m 0 Ze* 


-[ 


i+ 


6X 


(r»-r,)-- 


2X* 


h*V — A L (2V-A) 8 (2a/-A)« 

{4w* +17m(r 1 +r, +1) + 34(«>* +r* —r 1 r t )+17{r l +r 4 ) + 18}], 
wherem we have put n=r 1 +r a +m f 1 


( 18 ) 
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The result tallies with that given in equa (S3) of Sommerf eld’s 
book (Ic p 191) if we read n lt », fbr »„ r. Now putting m the 
values of \ m terms of the field-stiength J we are led to * the following 
energy value from a simple calculation 

RfcZ a , 3A S J ^ f N h 6 J a 

n 3 87r a 792 0 eZ 16(2n-e)«m®Z* 

[17^*—3(n l -'n,) a — 97?i a + 19] . (19) 


6 Calculation of Energy up to Third Order 

With the help of the expression for 0 3 as given m Sec 4 we write 
down : , 

= jbi. +V»f 3 S ^CA^--A, ) S r , k *| 

> 1-r l j (j-ry Jti (y — w)(A — r) J 

= 0. +\ r ,[ _ S l n)0>)(A,-A r -) _ 2 (r ? )('^)(lrr) + (rl ; )ft 7 ) < - ? ^-| 

L , (j-r)» J 

=0.+\'f _ (Ql)aO)(A r+1 -A f ) _(02)(20)(A r+ , -A r ) 

L 1* 2* 

_ (OfKlOXA,,, — A,) _ (02)(20 )(A,_ t — A.l 

1* 2* 

_ (01)(12)i2Q) + (02)(21)(10) 

1,2 r-ix- 2 ) t — 


_ (01)(ll ) (10) _(01)(Il)(10 ) 1 

i-i =n J’ 

=S,— A'«[8 r r+l y',(A I . + ,— A r )+y r _ 1 S' r (A r _ l — A r ) 

+^r + ,^,(A r+a -A,)+^ r _ a «' r (A r .,_A r )+^{(8' r+l 8' r+s) Q' r 

+/r/r +l € , r+ ,)+(y,_ l y rt ' r+ 8' r „ 1 8' r ^ r _,)_(8’ r+1 y^' r _ 1 

+/r- i y r * , , +1 )}]. 
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Substituting the values of A, +1 -A„ A^-A,, A r+ ,-A r , A r _ t 
— A r , as given in (11), we write down the coefficient of A' 8 .• 

3{(2j ‘+ m 1) ^ (2r+w+3) /? , r e , r + > }+6{(2r+m)8 , 1 .y r r _ 1 

-(2/+jn+2)8 , r+i y,}+K3'r- 1 8 , ,/3',_,+€',y r _ i y r _ I +^ r 8' r+l 8 , r+1 

+ «'r+.V'r , /r+l) — (P'r-l? r&r+i + Sr+i'/r'/r-i) . (20) 

Next, substituting the proper values of /S', y\ . as given in (11), we 
give now the coefficients of —X' 8 in abridged form as 

4{(© r+ ,-® r + 1 )-(©r+l-®r)} + 3($ r + 4 -4> r )+24(«', +l -'®',), (21) 

wherein we have denoted 

©(r)=r(r-l)(r+m)(r+m-l)( 2 r+m)( 2 r+m- 2 ) , 

$(r) sr(r— l)(r+m)(r+m— l)(2r+m — 1) * 

= r(r + m) (2r +m) a . 

After some labour the expression (21) is reduced to a biquadratic G(r) 
in r as given below : 

<J(r) =1500r* +3000(m + l)r 8 + (1992m* + 4500m+ 3I68)r* + (492m 8 
+ 1992m* +3l68m+ 1668)r+ (9m* +85m s + 278m* + 374m +172) ... (22) 

B 

Remembering 0— — n i} where n { =z — - — i(m+l), and n 1 has 

V —A 

two-fold values corresponding to the two values of B in the £— and 
i)-~ equations m parabolic co-ordinates, we write down • 
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•where n=cn 1 +n,+m+l , gi=&(n x — »,) ; 

9» =2{4w* + JL7(« X +», + l)m +34(»* +w* — »,«*) + 17 (w t +», ) + 18} ; 

ng s s&GKr,)— &(»,) 

=6»(« 1 — ra,)[250(wj +»*) + 250(m + l)»— 168m*— 250»i+28] , 

obtained after some calculation 

Put 2 V — A=K, and 4nr *m 0 Ze* /h*=c, and rewrite equation (23) as 

K =cl» [l+X ~ xa |t +* s -ft ] (24) 

Evaluation of K can be carried out by successive approximations 
Thus, denoting K 0 , K x , K 9 , K a as the values of K, (i) when \ is 
neglected, ( 11 ) when its 1st order is taken into account, (m ) when its 
2nd order is counted, and ( iv ) when its 3rd order is counted respec- 
tively, we find : 

K 0 =c/w , 


K 1= c/« [l+x |f ]= c y» [i+Vvfr] 5 

£.=<>/» [l+Xjfr— x* ^g| ] =c/» ^r,)J J 

Kj=o/w[l+X g-j- —X* -gi - +X® -gf 1 =c'/» [l+X ^ g x 

u i j, o " L. 0 

+ X* ^ a ) + X s ^(?»-% 1 Sr, + 12srJ)J. 

Remembering A=27r 9 m 0 E/A 9 , we derive : 


E=- 


2‘r*m 0 e*Z* 

h*n* 






-X«2! (%• -12^+2^)] .. (25) 

wherein A should be expressed in tenus of J f 
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Since we have calculated the 2nd order effect in sec 5 we are 
concerned here with the Sid order term value of energy We write 
this down in full below ; 


l2h l0 J^n 7 (n 1 — n a ) r ion/ 

2 17 7T 10 . ml e 11 Z 7 n s) 12{4m* + l7m(w 1 +w 9 + 1) 

+34(«* +w* — w^,) + 17(» x +» a ) + 18} + 250{n* + »|+»(m+l ) - m } 
-168m* +28] 


After simplification of the expression within the above parenthesis 
and utilizing n=w l +n i +m + 1, we ultimately derive this third order 
quota of energy as given below ; 


+ 


3^ 10 J 8 (n 1 —n 2 )n 7 
32(27re) l0 e Z 7 ml 


£ 23 n i — (n l -» 3 ) + llm 4 +39 J 


• (26) 


This tallies with the expression given by lshida and Hiyama supposed 
to have been worked out by S Doi, but his calculation is not yet 
published 

We see then the evaluation of only fifth order determinant A whose 
centre is 6+a r is quite sufficient to determine the energy-value up to 
3rd order of the field -intensity, 


7 Form of the fourth order term 

In this sec we shall lay down the co-effioients of V* for 0 i given 
m sec 4 Remembering the values of the several S’s as given in the 
same seo we write 

JO _3 s r^i X 

>!*>i (.j —T){k~r)(J> — r) i (j— r)f fc— r) 

o (/— n(fc— rj(&— r) ’ 

Now 

-s (ri'^k)(kiyir) _ (02)(23)(31)(10) , (01)(13)(32)(20) 
(j-r)(fc-r)(Z-r) 2.3 1. + lTa 

14 
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■i. ( 02 )CS3) (51) (10 ) ^ (01) (13) (52) (20 ) ^ (01) (ll) (12) (20) 
—2 -3 -1 -1 —3 -2 i —l _2 


J . (01)(ll )(12)f20) ^ (02)(21)(11) (10) ^ (0^(21)01) (10) 
-112 2l"=l + —2 -11 

Again 

_2 (r?)ijr)(H)(ta) _ s -(rj)ljr)(hj)<ik) 

i,ki ('i—r)(k—r)(l—r) ,,k {j—r)(^—r)(k—r) 


(l-r)(k-r)(l-r) 


This latter summation cancels with 2 2 lv 

> (j-r) * (i-r)(v-r) 


this letter is equivalent to 5 - . The former sum- 

mation is to be written down next m full Thus 


_ 3 MCjrKMW _ (01)(10)(1 8) (31) (Of) (10) (IF) (FT) 

'•* (/ — »•)*(* — r) 1* 3 ■*" (_1). (_3) 

-x. (02) (20) (12) (21 ) (02) (20) (IF) (2l) (01 1(10 1(12) (21) 

2> 1 ^-(-V(-l) ' + V~2 


( 1Q ) @ ffi) . (02)(20)(24)(42i . (02) (F0) (M) (52) 
(-l)>.(-2) + Wl, , + ~ -2). (-4) 

J. (01)q0) (II) (II ) j_( 01) (10) (II) (li) . (02) '20) (23) (321 

+ (— tj® - i — + -zrr 1 - 


_l(0F) (20) (2F) (32) 
•(-2) (-3) » 
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2 ° 2 i 

i (;— r) s 


•s } SyX __ * O;) M 
, 0 ~ r ) * 


x2 frA) (Ar) _ 
X (*—»•) 



r (01HI0) , (02) , 20) (01 ) (10) , (05) (50)1 
L 12 + “1 +-32— J 

3 ° * Valuesof S r ,(A,-A r )*/0->-) 8 , S„*(A, -A r )/0-r)*(ft-r), 

Srj*(A t ~A,)/(;— r)(i— r) a can be written down easily, since the 
difference of ) and r f or j and ft cannot exceed | 2 ] , from the form of 
the determinant 

We give below the coefficients of A/* in the proper value 0 4 ; 


1st set : calculated from 1° and 2° 

|[(01) (13) (32 ) (20) + (02) (23 ) (31) (10) - (OF) (IF) (52) (20) 

— (05)(2T)(5T)(lD)] + *[(01)(ll)(l2)(10) + (05)C21)(ll)(iO) 
-(r0)(02) 21)(ll)— (Il)(12)(20)(01)] + x ir [(02)(20)(42)(24i) 
- (05)(50) (15) (23i) I + ,V [(02)(20) (23) (32) -(02) (20)(32)(23)] 
+i[(02)(20)(21)(12)— (02)(50)(2I)(l2)]+i[(01)(10)(l3)(31) 
— (0T)(T0)(IS)(ST)] +£[(01 )(10)(12)(21) ~(0T)(l0)(l2)(5T'] 

+ [(OD(ro) (11) (Tl) - ( 01) (10) (IT) (fl)] - r (01H10) + ( 09) (20) 

L 1 4 

+ . (02) (50) 1 r (01) (10) (02) (20) (01) (TO) 

1 4 J L 1 2 ■ ~ 1 

__ (Q5) (20 n 
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2nd set calculated from 5°. 

[(01)(10)(A r+1 — A ,)*—•( 10) (Ol)f A r _! — A,) 1 ] 
+i[(02)(20)(A,+»— A r )*— (02) (§0)(A,_ a — A,)»] 
+i[^01)(12)(20)(A r+1 — A,)— (0l)(l2)(20)(A r _ 1 — A r ) 

+ (02)(21)(10)(A r+1 — A,) — (0^)(2T)(l0)(A r _ I — A, )] + 
i[{(01)(12)(20) + (02)(21)(l0)} (A r+a — A r )— {(0l)(l2)(20) 

+ (02)(2T)(T0)] (A r _,— A,)] + [(01) (II) (l0)+(0l) (Tl) (10)] 

(A r -i“—A r .|. 1 ) 

Translating into tlie familiar notations ft, y\ S', e' 9 . according to 
the scheme given m sec 4 we write down the two sets above ; 

1st set 

r + iy r + s^r + s "by^r^r + i^r + fl8 , r + a — ** r*/ r - 1 $ r - r -j 

-Vrt'r^Pr-rt'r-*] 

+ ^[c / r S r + i^r-i^r-j +7 r^r + i & r-ifi r -a — ^ r^r + iV^r + i fir-i 

-* , r + 1 Vr + >Pry'r- 1 ] 

+ iV[ € ^r + »^ , r/J , r + » €, r + 4"“^r-s€' r €' r _ s ^' r _ ft ]4.- 5 i 5 -[c' r + t ^' r 8' r+9 y r+s 

-^ r . a c' r 8' r . # y r . 8 ] 

+ i[ € r+ifirYr + i^ r + a "" ft r- S r & r- lVV-a] +i[^r + iy r^r + s^r + x 
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2nd set , 


[y r+l y r (A r+1 -A r )*-y r . 1 y r (A r .,-A r ) , ]+iC-', + ,i8' r (A r+# -A r )« 

~ —A,)*] 

+i[(8 , r+i8', +s ^' r +6 , , +> y, +1 y r )(A r+ i— a,)— ( y r _ l y r _ a «' r 
+^ , r _»S' r _ 1 8' r ) (A r _j— A,)] 

+ *[(S'f+i8' r+4 /3 , r + t! , +s y' r+1 / r )(A r + i — A f ) — (y' f «. i y r - a € f r 

^ r-»8 rS , ,_ 1 (A,_ s — A r )] 

+ [ 8 'r+l^'r-,8'r+'/r-i<'r + 1 7 , ,](A r _ 1 — A r+1 ) 

Another method of arriving at the result is given m Appendix 1 


8 Calculation of 1st set 

Coefficients of the 1st set can be calculated with the least chance of 
committing any mistake if we stick to the following scheme:— 

A(r)sr(r+m)(2v+ w ), F(r)E»0+m)A(r— l)A(r+l), 

t/r(r)s4(2r+m+2)A(r+l), 0(r)e(r+l)(r+2)(r+»ji + l)(r+m+2) 

Set I=$[F(r+2)-F(r-l)]+4[F(r)-F(» +1)] + 

■J[f(r)i^(r+1)— i/r(r— l)^(r— 2)] — 

LM r ) + M r ~ 1 )] [Mr) ~M r ~ l ))+ 

*[0(r)0(r+2)-0(i— 2 )6{r- 4)]- 
*[** W (r-2)] + &[6(r)iHr+ 2) -0(r- 2)^(r-3)] 

■H[M*)Hr+ l)-8(r- 2)^(r-2)] +i[^(r)d r+l)-^0- l)0(r- 3)] 

+ 1 Mr- 1) - Mr)] [$(»•- 1)] -i[^Cr)] [#■) -Mr- 1)J 
1 )]— i[Hr— 2)][Mr)+M r — 1 )] 
+mr-mMr)+Mr-l)] 

The above can be rearranged thus : 

Set I={I} + {II} + {III} + {IV} , 

where {I}e£[F(r+2)-F(r— lJ]+4[F(r)-F(r+l)] , 
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{II} s tl'l'(.r)'K r + 

— [^(r) +i/'(y+l)J[ l ^( r )_^( r _l)] ) 

{HI} s r«[%)fl(r + 2)— 6(r— 2)^(r— 4)]— |.L^ s (r)— ^ a (r_ 2 )] , 
{IV} 3^[6(r)>f,(r+2)-6(r- 2)^(r-3)] 

+i[6(r)t(r+ 1) - %— 2)^r— 2)] 
+i[^<r)6 | (r+l)- l /r(r-l)^(r-3)] 
-[#)-#-l)][«(r-l)] 

+i[^W~ 0(r— 2)][\j/(r) +f(r— 1)] 

~iWr) + 6(r-2)][^(r) -f(r-l)] 

We derive the following results after some laborious calculations 
and reductions ; — 

{1} =4[448r « + 11200 + 1> 4 + (1000 m * + 2240m+ I760)r* + (380m» 
+ 1500m* + 2640m +1520)r* + (56m 4 +380m* +1164m* +1520m 
+ 720)r+(2m* +28m 4 + 142m* +332m a +360m+144)] , 

{11} =8[1152r» + 2880(m + l)r 4 + (2656m* + 5760m+3968>» 

+ (1104m* + 3984m* + 5952m + 3072)r* + (196m 4 + 1104m* 

+ 2736m* +3072m+1280)r+ (10m» + 98m 4 +376m* + 704m* 
+640m+224)] , 

{III} =36r » + 90(m + l)r 4 + ( 76m* + 180m + 212)r* + ( 24m* + 114m* 

+ 3l8m+ 228)» * + (2m 4 + 24m* + 130m* + 228m + 138)r + (m 4 
+ 12m* + 46m* + 69m + 34) , 

{IV}=2048r* + 5120(m+l)r 4 + (4544m» + 10240m + 8576 )r* 

+ (1696m* + 6816m* + 12864m + 7744)r* + (240m 4 + 1696m* 

+ 5600m* + 7744m + 3904)r + (8m* + 120m 4 + 656m 4 + 1664m* 
+1952m+832) 

The method of arriving at the above results is given in Appehdix II. 
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9 Calculation of the 2nd set 
The 2nd set can be arranged thus 

Set IIs{V} + {VI} + {vn}, 

where 


{V}=8', +1 y\(A r+l _A r )» — 8 , r y' r _ 1 (A r _ 1 — A,)* , 
{^ ri }=T[« , r+ 1 )8 , r(A, +1 — A,) a — «' r ^' r _ a (A,_ s — A,) 1 ] , 

{VII} is of the form « # A„ +s +„, A r+1 +„ 0 A, + w _ l A r _ 1+tt _ J A r _, 

We derive the follow mg results after some calculations, the details of 
which are given m Appendix III 


{V}=144[%) (2r + m + 2) 4 —\fr(r — 1) (2 r+m) a ] 

=144[96v 5 -f-240(w + l)r* + (224m a +480m +320)r 3 + 

(96m 8 + 336m * + 480m + 240)r 4 + (18m*+96m a +224m» 

+ 240m+96)r+( W i" + 9m*+32m 8 +56m*+48m + 16)], 

{VI} = 18 [6(r) (2 r + m + 3) 8 — 6 (r— 2) (2r + m— 1) • J 

=18[48r 5 + 120(m+l)r* + (104m* + 240m+ 264> 8 

* +( 86 m» + 156m 4 +396m+276)r a + (4m*+36m 8 + 168 m a 

+ 276m + 15C> + ( 2 m* + 18m 8 + 58m 4 + 78m + 36 )] , 

and {VII} is the sum of five expressions given below - 

1°.. (A r _ 1 -A r+t )(y r+l ^ r _ i y r+ y r _ i€ r f+i y r )= 

-96r(r+l ; (r+m)(r+m+I)(2r+m)(2r+m+l)(2r+m+2) = 

— 96%-— 1 ) ( 2 r+w)( 2 r+m+l)( 2 r+m+ 2 ) , 

2 KA 1+ ,~ A r )(8V +1 S', +1 /3', + e ' r+j y r+i y ( ^_ 

24(r+l)(r+2)(v +5M + i)( y+m+ 2)(2 r+ m+2)(2r+ w +3)(2r+m+4) 

=24%) (2r+m+2)(2r+m+3)(2r+m+4) • 
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3° KA,-A r .,)(y',- i y,-»€' r +y3' r _ J 8' r 8' r _ l )= 

24/(/— l)(/+m)(/+m— 1 (2/+m)(2/+m— lj(2/+m— 2) 
=24%— 2) (2/+m)(2/+m — l)(2/+wi — 2) , 

4° • i(A r +i— A r )(8 , r+l 8' r+3 ^ , ,+6' r+a y i . +i y r; =: 

24(/+l)(/+2 / K/+m + l)(/ + m + 2)(2/+m + 2)*(2/+m+4) 
=240(r),{2/+m+2) , '(2/+m + 4 ; 

5° . *(A r — A,_,)f /,. i y,_ t *' r +)3' r _ J 8',8' r _ l )= 

24r(/-l)(/+m)(/+m— l)(2/+m-2)(2/+m)* 

=24% — 2) (2/+m — 2)^2 /+m)* , 

Adding up 1°, 2°, , 5° we get 

{VII} =24[624/ 8 + 1560(m + 1)/ 4 + (1416m' 1 + 3120m + 

+2304)/ 8 + (564m® +2124m * + 3456m + 1896)r 2 +(92w“ 

+ 564m* + 1556m* + l896m + 848)/+(4m 8 +46m*+202m s 
+424m * + 424m + 160)] 

10 Calculation of the 4 th order effect 

Coefficient of X' 4 is the total sum of the sets I and II, which is the 
grand total of {I}, {II}, . .{VII} Let this be denoted by jE£| [/) 

Thus 

W r ) 3 42756/ 5 + 106890(m + l)/ 1 + (97980m 4 -f 213780m +153700)/* 
+(40080m* + 146970m* + 230550m + 123660)/* + (6906m* + ' 
40080m* + 104898m* + 123660m+54l46)/ + (336m 8 +345Sm 4 
+ 14024ro * + 27954m* + 27073m + 10026) .. (27) 

As we have done m sec 6 in the case of 3rd order effect we write 
down 

ir*m 0 

~ — ' (Ze*-^)-Kw+l;=» 1 +X , ( )-X"( )+X'»( ) 

A 

7r*m 0 

' - (Ze*+0)-~Kw+l)=»,-A/( J-X'*( )-X'»( ) 

v — A 

-V^«,)). 
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Adding up both sides of the above and transposing we get , 
2 ir 9 m n Ze a 


ir 9 m 0 Ze a f 

9 = n 1+A 

hW - A l 


9i 


(2 V — A) 8 


-A* 


7. 


+ A 8 


9 s 


—A* 


(2 V— A) 8 (2 </ —A) 


(2 V— Aj 8 


\ 


(28) 


where the values of , 8 are the same a, given m sec 6, and o 
wiU ^ coefficient of n(=n 1+ n 1+ m + l> in the expression for 
Ufa,) +H(».) We give below the values of these g’a 

g 1 s6(n 1 -n„) , 


g a =2[4m* +17(« 1 +n 2 + ljm + 34(«; +n\ -mn,) + 17( Wl +», ) + 18] 

s2[34» 8 — 51(m + l)»— 102» 1 » !l +21m* + 5].m + 35] , ^ 

g a s6(»j n, ) [250 (» J + » » ) + 250 (m + 1) « — 1 68m * — 250m + 28] 

=6(«j — »j)[ 250»* 250(m+ 1 )}j— 500ra !« j +82m a +250m + 278] , 
»Sr 4 BH(n 1 )+H(» 1 ) 

a2«[21378n* - 53445(m + l)w 8 + (48990m* + 106890m +76850y * 
-(20040m 8 + 73485m* + 1 15275m +61830)*+ (3453m* +2Q040m 8 
+ 52449m * + 61830m + 27073) - 1 06890 w a « ,« , + i06890(m + l )nni n t 
+ 106890»JwJ — (40080m * + 106890m + 123660 
obtained after factorization 


We have given in the above, two equivalents for g, and g a instead 
o one (as given in sec 6) as the new values will be useful for our 
f utnre calculation 

We shall follow the usual oouue of successive approximations for 
calculation of energy We shall denote by K t the value of K (given 
m sec 4, equa (24)) for the 4th order approximation that is to say, if 

K=c/»|~ 1+A — A* 

L (2v'—A) 8 (2\/3a) 8 


+A» & —A* - U 

(2 -/-A; 8 (2v'-4;*» 

15 


(29) 
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K .= # [l + X^-A-£ + X. £-*.£,] 

fl'i+^TT (3?J— 0,)-Wt*f 9 (12^-% 1 gr a +gr,) 

+ X * “n (550*-660’0. + 120 l 0 a + 60 »- 0 4 )J , ... (30) 

where the coefficient of A* has been found out after an easy algebraical 
calculation 

Next put 2V^— A=K 4 , and square both sides. We get 
-4A ,=c%* [ 1-2X 2! ffl +X* 2! (2?,— X* 2! (lty* 

-120ifl’.+20»)+X 4 2l* (20* + 720^0,- 420* -180 x 0, -90* )J ()1) 

obtained by an easy algebraical expansion m Binomial Theorem 

Remembering c=47r a m 0 Ze*/A 9 , A=27r a m 0 E/A\ A=ir 9 m 0 eJ/&* it 
is now easy to set down the 4bh order quota of energy. Supposing 
E=B 0 +E 1 + E a +E a +E 4 where E X1 E a involve respectively 1st, 
2nd, •• powers of A or J, as multiplier, we obtain : 

^ 4== 2 e t27re) l4 mjZ 10 6 a [ 2 0* + 72 0 8 —lSg l g 3 —9g^ ~4s2g* J . (32) 

The expression withm parenthesis of the above=4 T (n, m) say, where 

T(n, m) =930 n* - 525 (m + 1 )rc 8 + (-231m 9 + 672m + 5453 )t* 9 

-(-210m.® -63m* +1659m+ I5l2>+ (—192m* -210m 8 

+ 12840m* + 1512m +3664) +294ra 9 w* - 1050^71^ 

+ 294(771 + 1)?^!^, 420m 8 + 294m+3024)w l » a ... (33) 

Calculations leading to the above result from the values of 
g„ g 3 , g* are given m Appendix IV 

Finally, the term-valae for hydrogen (Z=l) is given below: 


A 18 J 4 w 10 


ty c =~ gTi e xi T(«,1»). 


... ( 34 ) 
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11. Stark-effect shift of the Balmer lines 

The shift m question can be found out from the frequency-change 
Av If v is expressed m wave numbers and the field-strength J 
in Volt /cm , we write 

Av=A( ){ J— B( )f J a 4-0( )f J®-D( )' J* ... (35) 


where the expressions within parentheses above involve g l , g t , g t , g t 
as linear, quadratic, cubic and bi-quadratic in them respectively, 
and as difference for the two quantum states — initial and final 
The values of the coefficients A, B, G, D are given below — 


A= 


3h 


8ir*w o ec(300) 


=6, 439 10-' , 


B = 

h a 

=5 

2 10 . it® TO® e« c(300)* 


0= 

3h 9 

— 1 


2 1 5 w‘°to® e 11 c(300)® 

— j-j 

D*= 

7* 1 ® 

=2 

2* 1 w 1 * m 7 0 e 1 ® c(300)‘ 

— “i 


2995 lO-’-o, 
568 10-' 5 , 
5746 10"® ® , 


calculated from the following values of physical constants — 

&=6, 55xl0~ S7 (erg /sec) , e=4, 77 x l0 _to (e s u) , 

m 0 =S, 99xl0~*®(gm ) , c=3x 10 l0 (cm /sec ) 

Briefly equa (35) oan be written m the form 

Av=aJ— &J* + cJ® —dJ* . (36) 


* Values of A, B, 0 have been taken from Ishida and Hiyatna’s paper (1 c ). 
Calculation of D is given here — 

n (6 , SB) 18 (1Q-* T ) 1 ' 

2 a 1 (8.1416)“ (8,99)’ ( ib-*») 7 (4,77)“’ (10-“)“ (8 10“) 3* 10* 

(6,55)“ 10- 18 

” 2" (3, 1416)“. (8, 99)’ (4, 77)“ 8‘ ’ 

log D= -13 + 18 log 6, 68-21 log 2-14 log 3, 1410—7 log 8, 99-16 log 4, 77-5 log 8 
- -18 + 18 (0, 8162)— 21 (0, 80103) -14 (0, 4972) -7 (O, 9588) 

-16 (0,6786)— 5 (0, 4771)- -18 + 10, 6106-6, 3210-6, 9608 

-6, 6766-10, 8560 -2, 3855- -13 + 10, 6106 - 33, 1999 - 86, 4107 
Hence D-2, 5746 xl0-‘«. 
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The values of the Constants a, b, e have been given by Ishida and 
Hiyaxna for J=1 Million Volt/cm for the several w— and <r— com- 
ponents of H a , H 3 and H v , and I have calculated the values of d 
for the same components and field strength These values are given 
in Table I Details of calculation are given m Appendix V 

TABLE I 


Balmer 

Lines 


Pol Combination 


(U1K011) A= 2 

(102) (002) A= 3 
(201K101) A= 4 
(P03)(002) A= 0 
(Ul)(002) A= 0 
(102X10U A = 1 

(211) (Oil) A= 6 
(202)(002) A= 8 

(301) (101) A=10 
(1121(011) A = 2 

(103) (002) a= 4 
(211X062) A= 4 
(202X011) A- 6 
(221X011) A= 2 

(212) (O02) A** 5 
(81I)(011) A =12 
(3021)002) A =15 
(401)(101) A =18 
(118)(002) A= 0 
(221) (o02) A= 0 
(2I2)(101) A = 3 
(208X002) A = 10 
(3111(002) A -10 

(302) (101) A =13 


128, 78 
193, 17 
257, 56 
0 
0 

64, 39 
386, 34 
515, 12 
643, 90 
128, 78 
257, 56 
257, 56 
386 , 34 
128, 78 
821, 95 
772, 68 
965, 85 
1159, 02 
0 
0 

193, 17 
643, 90 
048, 90 
837, 07 


b 

c 

6, 715 

0, 003 

6, 207 

0, 088 

6,309 

0, 164 

5, 177 

0 

6, 705 

0 

6, 156 

0, 085 


38, 36 
35, 97 
35, 10 
87, 54 
83, 68 
38,41 
35, 92 
146,3 
142, 2 
142, 5 
134,2 
180, 5 

134. 1 
146, 3 

142.2 
130, 5 
142, 5 
134. 3 


1. 485 10'» 
1, 642 10'* 

1, 649 10- s 

2, 032 10-« 
1, 449 10" * 
1, 647 10- ‘ 




calculation OI< STARK EFFECT 107 

am/nc^quantumt^ch ^ ^ ^ ^ Same m b ° th old 

" mec kamcs, but values of b and c will be different 

S.Atk-ofBeorilu^forth^RT “f *° tal ° ulate the ^eoretioal 
mM,Ll/ “volf / , the Balruer lines H„ H„, H v for field-strengths 

of the tv^oret Ut also to draw a graph showing the deviation 

, fc ‘ l0O tlUal ®t ark- effect shift from the observed Stark-effect shift 
o o owing are the wave-lengths of the Balmer lines H as Ha, H y 

“*■ *“ ' l0< ’ 0P ‘ i ' d ^ i—I Board of .pootro.oopub afto 
taking- moans o£ such doublet lines — 

H.=G5G2, 793 A , H* =4861, 327 A, H v =4340, 466 A , 1^=4101,738 A , 

where 


p=N ("I- L_ ] 

L2 4 (n+ M )« J ’ 

w=.{, 4-, ft for H a , H s , H y respectively , and N= 109679,22 , ^=6,9 10 -6 , 

Tho Table II annexed here gives A~as a function of J, as the field 
inormtHoa from 0, 6 Million Volt/cm to 1 Million Volt/cm , for the case 
of H y — Un« (v 18), which has been discussed by Gebauer <fe Rausch 
(1 o ), vvhon. AA is expressed in Angstrom unit The last column has 
boon atldod by mo after calculation for the 4th order effect, the details 
of which, are given in Appendix VI 


TABLE II 


J 



(in A A. calculated) 

VoU/o*«. 

aJ 


aJ-bJ’+oJ* 

aJ-bJ* +oJ'-dJ < 


A 

A 

A 

A 

IKK >000 

127,17 

118,62 

119,95 

119,67 

700000 

147,66 

186,88 

138,16 

184,44 

#00000 

167,98 

163,38 

155,97 

164,80 

#00000 

166,01 

169,70 

173,42 

171,66 

soooooo 

207,90 

185,49* 

190,55 

188,47 


Vrottx t»he data given in the above Table II a A^— J— graph, may 
t>o ihe “deviation giaph,” has been drawn, showing the 

dcparfcunt'O of calculated A^ from the actual A^, based on experiment 


* Tho 0gur« is 184,57 according to G-ebaaer & ilautch, £S f PhyB„ 6!?, 1930, 
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Thejexperimental curve is not drawn in the graph but an alignment 
of its course can be 
noticed from points 
indicated by ( + ) 
crossed signs These 
experimental values 
are taken from the 
work of Gebauer & 

Rausch (1 c ) Altoge- 
ther four theoretical 
curves are drawn, of 
which curves for the 
first three Stark-effect 
orders were drawn by 
them and the curve 
IV has been drawn by 
me from my data for 
the 4th order effect 
Curve IV drawn by 
me deviates a little 
more from the experi- 
mental than curve III 
drawn by them This 
points to indicate 
that the perturbation 
calculation up to the 
3rd order is just suffi- 
cient for this line 



12, Conclusion and Discussion 

The determinant A[0] given m sec 3 for calculation of eigen-values 
is not a convergent determinant of the normal type as discussed by 
Koch (lo) because when the leading diagonal terms have been made 
unity by dividing each row by the corresponding element of the leading 

w 8 

diagonal the Kochian condition of convergencyJE ^ j A nJfc \ as given 

i = 0 *=0 

m sec 2 is not satisfied when r increases indefinitely , and this is true 
however small the value of the perturbation parameter X, that is to 
say, however small the field strength J For very weak field 
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the perturbation calculation may be carried on to a higher order 
than for strong field And as we know that for weak field 2nd 
order effect gives good results in general probably, m this case, 
3rd and 4th order terms give better results more approaching 
actual— if the quantum number is not large, (h, in the case of 
hydrogen or hydrogemc atoms)— for the H a and lines than 
for the Hy and Hg lines For strong field 1st order effect gives 
good results m general and the result would be worse if one proceeds 
from lower to higher quantum numbers, i e , from H* and Hp to Hy 
and Hg These are our conclusions from theory which were not clear 

from either the old or new perturbation theory as presented by previous 
workers headed by Schrodmger 

Tabl9 I shows that except for certain components of Hy the 
values of d are greater than the corresponding values of c as given by 

IshidA Hiyama This means that A v cannot be expressed as an 
ascending series of the field strength for 1 Million- Volt to a great 
extent, and we have seen that m the case of Hy ir 18 the senes is 
limited up to 3rd order, for the 4th order calculation leads us a bit 
far .from the actual 

Furthei, if we divide each row by the corresponding c-term which 
involves the highest no, 4th degree) term in quantum number r, 
we get, of course, an eattfteztf-determinant, but the leading diagonal 
terms are not unity in this new form of the determinantal equation, 
and the method of expanding such determinants is not known to me to 
have been discussed by any pure mathematician up till now At any 
rate, the expansion cannot lead us to a convergent series m powers of 
J, and the perturbation theory has, therefore, some limitations, m 
quantum oi Schrodmger mechanics 
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APPENDIX I 


If we put p— 2 V— A r m equation (7j we get 

f ;/ + If + ^4. -? I m a \ - ... 

r / + l 4 + V=a p~ V j ( 7 > 

Make this self-adjoint by multiplying it by p Thus 

where 7= v _ A ( 7o=«> and/ 0 =e ^p T L".„(p) j , 

Put 

/=/ 0 +*7>+x'V, 

and equate the various powers of A/l to zero, so that we derive a system 
of equations : — 

i ~^)/o=0, ... (7<1) 

fi=(p'-h)fo, ^ (7 2) 

^(p/.)+(vo— J- ^-)/.=(p*-i; 1 )A-W 0 . .. (73) 

»)+ (’/o - J - ) /» = (p* ~ 7 h)f i ~Vtfot (74) 

} p (pf* )+ (*o~ J - ^)f*=(P 3 — r lx)f i -V,f a -V i f l -vJo (75) 

• •• ••• ••• i * 

16 
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i (pfhH { v °~ 

» — -5?*/ 0 ... (7&+i) 

^ ow P 2 / o = p s e _ 7 pT l J ».+*rp)sp , gf(p)L v (p) say, where 

jf(p)s ae"£ pT, v=m + » 

pVo^WCS'.L^., +A.L^ + 8'.l;_ 1 +e'.L” = ,], 

where 


fl' ^( n+l)(n+2) , 2(» + l)(2« + m+2) 

(v+l)(v+2) ’ * (v+1) ’ 

A*=6n ) 't-6nm+6n + m a + 3m + 2 , 

8'„ = -2v‘(2 n+m), t'.= v >(v-l)« c / eqiia (U) 

For calculation of perturbations for different orders I have 
followed Sohr&dinger’s method as delineated in Sommerfeld’s “ Wave 
mechanics, - Chap II, sec 2, and dealt with eigstifunotions fully 

1st order •perturbation 


_ [ rfofp _ |Cfl'W)‘L;[^Mi« +i +...+e'. L^]dp 

f/o*p 7 (s-w (K(p)ya P 

O 0 

;%(p))»(L;(p))^p 

=A» g— _1 

/ (fl'W) , (L“fp))*<^ 

0 v 

from condition of orthogonality of associated Laguerre polynoms 
Suppose /, =fl'(p)[BL" +i + 0L^ +i + AL”+DL;_ j +EIr_J, 
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where the coefficients B, 0,.. 
tion Thus 


.can be calculated from (72), by substitu- 


B di> [ p df,te' p)L v+j]+ [(v 0 +2^-2] [s’(p)L” + JB + 

* [(*-5 +!)-:>] Wp) L-„ i]0+ 

A i [% u <‘ )h 'v‘ ] + [(’•-£ -5 1 )] C?wl;]a+ 

D l >] + [(*~t - 1 ) + 1 ] bW^.,lD + 

B |[4 W ' ,)L - 1 ] + [(’•-|--^ - 2 )+2][ 9 W1;_,:b 

=(p i -’?i)ff(p)L“(p) 


=^P'[^L; +> +y.L; +i + (A»- 5?1 )L;+8' m L;_ i +e' B L^-] 

Equating coefficients of L; +s ,...from both sides we get 

—2B =/}',, , -B=y„, A=A,- 1?l =:0, D=8',, 2E= t '„ 

A=»W[-W'.^,-/.L^ 1 +y.L;_ i+1 v. L ^ i ]. .. (8I) 

'perturbation 

Vt—fCp* ~ Vi ^IJodp j f f*dp 

_fW)*iy.lC M +y. L; +i+8 '. L;_ t + .'„l* ] 


r/^P 

0 


c_1/3 '* L v + ,~y« L ; +1 + s '. l ;_ 1 +i‘'.L;_,]ip 

= [i ] - y i [a] + s'j [in] + ^:[iyj 


(8 2 ) 
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08 * 

where [I] = /(0(p))ML; + >))*^/ f(g(p)y{h;(p))'dp 


_ [(y+2)j] 3 /(y4-2 — m)! 

(v! )*/(v-m)\ 

= ( n + m + 2 ) 3 ( n + m + 1 ) 8 
(w + 2)(w+ L) 

[See Condon and Morse, <£ Quantu^mlecllanlcs, ,, sec 20, p 63, 
eqna (20 5)] 

And in a similar manner we can derive 

DO J o 

[n] =/(s oo) a I /^(/>))*( L ;(p')*^=(»+’»+i;»/(»+i) , 

O ' 0 

» / » 

[III] =)(^(p))*(L”_ i ( p) a dp J J(g{p))*(L”(p))*dp=nl (n+m) a , 

0 0 

* / oo 

[IV] = /(^(p)) , (L;_ 1 (p)) , 4/ /(^(p))'(L;(pi)»dp=n(n-l)/(«+w)« 

O 0 

(n+«i— l) 8 

Henoe substituting the values of these integrals (or rather ratios 
of integrals) and those of /3' n , m (8 2) we get finally 

V% =t[«(«— l)(«+m)(«+w— 1) — (n+l)(n + 2)(n+m+l)(n+m+2)] 

+4[»(»4.«i)(2»+«i) 8 — (» + l)(r.+m + l)(2«+TO+2)*‘) .. (83) 

Again suppose 

/,=»W[sx^.+dx^ 1 +C'l-„,+b'l^ i+ a„i;+bt:^ i 

+0'l;. i +d'l^ i +e'l^j 

Now, as before, to calculate these coefficients E', D', .substitute 
m eqna (7 3) and equate coefficients of L’ + ^,...we get 
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-2C'— ^(a,— A ll+J )—y n y 1l+1 * 

® - +8'.^n-i +y.(A n - A n+1 ) ; 

A 0 = — -y/3' n €'* +9 — y „§'„+! +8 , m y il-l +i€' n jS' B . a — 17 # =0, 
from (8 ‘i), since 

[I]. S'.+ 1 =y'.[IIJ t /S'.L.s^.pV] , 

B" =$€'„•/„_ a— y'.«'. +1 +8'.(A,_ 1 — A.), 

20''=S\8' n _ 1 4^.(A._,-A.), 


3D"=8 , ,«',_ l +-J«'.8'._ t , 

3rd 07 der •perturbation 




00 00 I 05 

^ [^y(p a ” , 7i)/4/o^P“" ,J 7«i j Jfldp 

oo 00 00 09 

=[//.(p , ^)^p-’? l yf»/o^p-’?, j!am» j j Ij° dp 

09 

>[/W{m^.+ +a,l;+ +/.l- m, 

0 r • 


oo 

- ^ /( ? fp))* {E'L; +4 + . . + Wh;_ t } {L;}d P 

0 

00 

0 

xfL;)^ ] / //>. 

' 0 

= -^,(-20')[Il ( -B')[II] + S', (B")[III I +*«'„, 2C") [IV). 

-y.{ +s'.5'._ l 4- r ',(A B -A. +1 )}[n] 

+8'.{i«'.y.-.y.«'. +1 +s',(A,_ 1 -A.)}[m] 
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+ s* »{8 »8 l «-i+|« , »(A,. l — A„)} [IV] 

= ~ j{T/3'»(A»-A n+J )-y n /„ +x }{ 6 ' ii+i } 

— {-?P'J»+ a +V/3’ n - 1 +y , K (A n — A„ +1 )}{S' n+] } 

+ {T e, n'/«- i — '/n« , *+i+S' n (A. n _ 1 — A n )}{y' n _ 1 } 

+ K8'.8 , n- 1 +K»'A„_ s -A B )}{^ B _ a } 

+^ , .8'.+ 1 8', + ,+6'./,_ i y il _ sl +8' B 8 , ,_ 1 /3'._,]_y' ii 8' >+l (A,— A s+1 ) 

+S'.y,_ l (A,— A,.!)— (8',8 B+1 ^ , ._ 1 +y it y n _ ie ' |t+i ) 

=4[fn+l (ra+2)(n+m + l)(ra+m+2i(2w + w+2)(2w+m+4) 

+n n— l)(n+m)(n+m~l)(2n+m)t2n+m— 2)]— 8»(«+l) 

(n+m)(n+m.+l)(2n+m)(2n + m + 2)+3(n + l)(n+ 2 ) ( n+m + i ) 
(n+m+2)(2n+m + 3)~ ‘6n(n— l)(n+m)(n+m— I)(2n+m— 1) 

+24i(n+l)(n+m+l)(2n+m+2) a —24n(n + m.'(2n+m) ! ‘ .. (9) 

This can be expressed in terms of 0(»), «(»), *(»), . as in equation 
(21) It is to be remembered that our present r/'a are oo-effioients 
of the relevent V’s with a change of sign , so that for all different 
perturbations it is implied that we shall get a negative sign to the 
expressions obtained m the body of the paper 

Again, suppose 


+Ao,oL;+b' 0 l- +cr # L- +d" 0 l: +e" 0 l" 


V-t 


+r 0 L” +G" 0 L* ] 

V — o ° v- a J 


(91) 


And substitute the value of/, in equation (7 4) We get by equating 
the co-efficients of L n , 5 

V+8’ 
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-2C' 0 =EV, +1 + D'8'. +3+ C'A, +s +BV. +i 
20" o =B"8' n _ t +C"A n _, + D'y._ 8 +E"/S,_ 
- B'„ =DV,_ l + 0'8'. +J + B'A ll+1 + B^,_ I 
B" 0 =BV. +l + B"A,_ 1 + CY,_ a +D"/3'„_ 

■ A -o,o=CV, +i + B'8'. +1 +B'y,_ l +G"/3' n _ i 


E-^C", 

-’? a C-, 1 B' > 

— >?a=0. 


on simplification 

The final values of C' 0) C" 0) B' 0 and B" 0J 
tion are written down below * 


obtained after simphfioa- 


0'o = (-^'» ){$*'.+*/? n+ , +i8'„ +s y B+a +iA n+2 (A, +8 — A„) 
+ir'.+ l 8 , , + ,+ii7 4 }+(-y 1 ,){^ s+i 3 '. +s +iA, +s y, +i 

+H. +i y. +a -iAY« +l } + 8'.a/3',_ i y, +i)) 
0 " o =( i «'.){^',-*« , »_ 11 + jy il _ 8 8 , 1 ,_ J +^ A ,_ 1 ,( A ._,- A B ) 
+i 8 '»-iy»-»-ii7*}+8 , ,{^ 6 '._ i y,_,+iA._ a 8 , H _ 1 
+ ^'->(A»- l AJ} + (-iy.)(8' B _ l£ ' n+i)) 
B'o=(-i'/3' l ,){i«' 1 ,+ayn+*+il8 , B+ ,A a+ ,+8' BH ,A Bl . 1 -*3' n+a A„} 
+ (-y»){V»+a^»+i + i-8 , B+a y „ +1 +A. +1 (A B+l —A) 

-/J'.-j «',+! + Vi } + (8',) {/?'„_! ( A. +1 -A._ j + A,)} 
B 'o=(-^'»)(-« , ll+ »8 , , +i ) + (_y B ){ e ' B+i (^ > _ i _ Ai(+i+A(i ^ 

+ + K-x (A..J - A,) +^y._,S' B _ I 

-i — ijg } + (}*'„ ) {y 1 _ S ( a b-1 — £A n +4 A„_ „ ) 
+*/*'.-, S'.-,} 

4)th order •perturbation : 


’*”[/ P'fM-Vif fJ a dp~ Va Jf a f 0 dp- v ,J fj 0 dp 1 jj flip 

® 0 'a 


=o'„a'.m+B' a y.[n]+E* < ,S'.[m] + o' 1 ,'.[xT]-, >A „_, >A _, iA 

-L.oCA.-i;,)— 7 ,a 0 — ^ i A+o' ((J e' I .[i]+B' 0 y.[n] 


0 >0 


+ B" 0 8\[IIIj+OV.[IV] 

=(^«0' 0 )[1] + (y.B' 0 )[nj + (8'»b" 0 )[iii] + («' nO" 0 )[ivj 
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Whence substituting the values of 0' 0) C" 0) B' 0) B" 0 , and making 
simplifications we get : 

V* ~i‘A-n+a [ft n^n+i (A* A* +a )] + -§A n _ a [V n^n-2(A tt « a — A n )] 
+*Q8 r .» r .+x* *»+a (A* A n +g ) “hy n-iY n-a € ^»( A A _ s — A u ) 

»y hi^+jA^, +^ n . a 8' B 8 r n _ l A*- a ] 

+«/.✓ »+i € w+afAnAH+x) +8 , B 8 , n-1 ^' n _ s (A h-1 — A n ) 

+ '/*-lV , n-a €f *A ll - I — S / * +1 8 , ||+a ^' B A n+l +/ <l « 1 8' n A H „ 1 (A f4 „ * — A*) 
"~y« i8 , »+ 1 A» +1 (A B+l — A H )3 + [^'»-. 1 8' n 8 , n+1 (A n+1 +A n — A B-1 ) 

“^w+iy i»y*i-l(A w -i +A b — A h +i)]+ ^n-iynS'n+i^^n + i 
+ (^ *y *-i^»+a €, »+i“ ft *-\/ *-a^ / »+i €f *) + (yn-iy f »-t8 , »8 f ll-l 

“'7 f i»y»+i8 , »+ 1 8' n+a )]+-J[^ f n „j7' B „ 1 8' n €' n _ 1 ""^ n +i7^»^»+i^»+j] 

+i[$ n-aV ^ , *7 , »+iS' n+a € ' n+a ] + e{^ , »- 9 '/ *-i 
— ^+iy^^*+a^»+.]+i[^-8y^- l 8'»-a€ , »- fc ^'»/»+a8'* +1 €' H+8 ] 
+tjf[^ *-ay»-8^*-* €, »“^i»y\+a8 , H+ gc' ll+a ] +r6C^ / »-a^n-*€ f n €, n-a 
“^^n^H+a^n+i^ii+Aj+'Vat - i^» c, n+a — i^n^n-g — y nS^+i — y^-xS'^] 
where 

yt =Z ~'ifi r n+t -y»8'n+l “hy^w-l^ft +T € ^»^»»-a 

APPENDIX II 

This note will serve as a key to our arriving at the results given 
in sec. 8. 

0(r)m(r+l)(r+2)(r+m+l)(r+m + 2 ) ; 

0 v r)=r*+(2m + 6)r 8 + (m* + 8^i + 13)r* + (3m* + 13m +12 r 
+ 2(m f +3?n+2) • 

e(r+l)=r* + (2m+10)r* + (m*+lbm+37)r*+($m'+S7m 

+60)r+(6m a + 30m + 36) , 
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6(r+2) =r* + (2 m + 14)3-* +(m*+21m + 73 )r* + (7m* +73m 
+168)r+ (12m* +84m+144) ; 

0(r- l)=r* + (2m+2)r* + (m» + 3m+ l)r* +(m* +m)r ; 
fl(r—2)sr* +(2m— 2)r*+(m* — 3m+l)r* +(— m* +m)r , 
6(r-3) =r* + (2m— 6)r* + (m* -9m+ 13)r* + (—3m* + 13m 
— 12)r+2(m* — 3m+2) j 

6(r— 4)=r* + (2m— 10)r» +(m* -I5m+37)r* + (— Sm* 

+37m— 60)r+(6m* — 30m + 36) ; 
^(r)B4(2r+m+2)A(y+l) ; A (*0 b K r + m) (2r + m) 

</r(r)=4[4r* + (8m+16)r* +(5m* +24m+24)r* + (m*+10m* 
+24m + 16)r+(m»+5m*+8m+4)] , 

H r + !) — 4[4r* + (8m + 32)r* + (5m* + 48m + 96)r* + (m* +20m» 
+96m+128)r+(2m»+20m*+64m+64)] , 
f(r+2) =4[4r* + (8m + 48)r* + (5m* + 72m+216)r* + (m* +30m* 
+216m+432)r+(3m* +45m* +216m+324)] ; , 
f(r— l)=4[4> , *+8m» , *+5m*r*+m*r] , 

'l'( r — 2) =4[4r* + (8m— 16)r* + (5m* — 24m+24)r* +(m*— 10m* 
+24m— 16)r + (— m* +5m*— 8m+4)] ; 

3)=4[4r* + (8m— 32)r* + (5m* - 48m+96)r'+(m*— 20m* 
+96m— 128)r+ (— 2m* +20m* — 64m+64 ] ; 
F(t)mr(r+m)A(r— l)A(r+l ) 

P(r) =4r 8 + l6mr 7 + (25m* — 12)r® + (19m* — 36m)r® + (7m* —42m* 

+l2)r* +m,(m*j — 24m* +24)r* —(7m* — 17m* +4)r*- 
(m® — 5m* + 4m)r ; 

■IT 



D i rfc £2)p 7 + (25 m 8 + 112ip,+ 100)?* -$■ (19m* f 150m* 

+300m+152)r? ^-95m* -fc3£3m 8 +380m+ 112)r* +(m* 
+28ip,* l -fcl66m*,+33;2m* +224m+32)r* + (%* +35m* +118w* 
rfcl40m ( 8 +48m)r* -(r(2«^*+14m*+28m* + 16m 8 0s , 

lV-4)=4r a +(l6^-32 l )r I + (25m*-ll2m4 100)r« + (,19m*- 150m “ 
+300m-152)r» + (7 h^* -95m* +333m* -380m+112)r* 

+(» 8 -28m* +166m»-332m* +224m-32)r» + +35m* 

— 118m* + 140m* -48m>» + (2m * - 14m* + 28m* - 16m*) , 
I’(r+2)=4»-* + (16m,+64)j; 7 + (25m* + 224m +43,6)^*+ (19m* 
H^GOm* +l?08m-^ 1648>* + (7m* + 1,90m* + 1458m* +4120m 
+ 377£)r* + (m 8 + 5 6m* + 736m* + 3664m * + 7544m + 5344)r» 

+ (6m * + 161m* + 1376m* + 50C 9m* + 8016m-t-45,72)r? + (ll m » 

Hr 196m* -fr 1237m* + 3524m* + 4572m, + 2i60)r + (6m» +84m‘ + 
426m. * + 996m * + lOgOm + 432) 

{!}“* [W»-4r S)-P(r-. 1>J ; -3{F(r + 1) 

=*[1344r* +3360(m+ Ity* + (3OQ0m* + 6720m + 5280)r» H- (1140m * 
450 Ptji * + 7920m + 4560)r ' + (168m * + H40m * 4j 3492 j»» » + 4560m 

+2160>+(6m*+84m*+426m* + 996m' + 1080m+432)] , 

=4[448r»+ll20(m + l)r* + ( 1000m* + 2240m + 1760)r» + (380m» 
+1500m*+2640m + 1520)r* +(56m* +380m» + 1164m* + 1520m 
+720>+(2m*+28m* +142m* +332m* +860m+144i] 
^(r+l)=16[16r« + (64m +192)r* + (104%' +67.%H?S»‘ *($»• 
+936m* +2976m+2880)?*-+ (41m* +660m* Hr34§2mA+74!p0m 

+6186)r* +^Qm* +^m\+I9^4m* +667^m* -tK?2.72m+5760)r* 

+ (m*+ 45m* + 541m* +2808m* + 7124m *^$640^+3968)?* 
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+(8W +65m 8 +516m* f 1988m 8 + 3984m* + 8968m +1536)r 
+ (2m» + 30m 8 + 180m* + 552m 8 + 9l2m * + 768m + 256)] , 

f (r-l)f (r- 2) =16[16r 8 + (64m-64)r 7 + ' 104m 1 -224m+96)r 8 
+(88m 8 — 312m* +288m-64)r 5 + (41m*-220m 8 +332m* 

— 160m+ 16, r* + (10m 5 — 82m* + l84m 8 - 144m* +82m)r 8 
+ (m 5 — 15m 5 + 49m.* —5 6m 8 + 20m* )r* + ( — m e + 5 m # —8m* 
+4w 8 )r] j 

f(r) +^(r-l)=4f8r* + (16m+16)r 8 + (10m* +24m+24)r* + (2m* 

+ 10m*+24m++16)r+(m 8 +5m*+8rn+4)] ; 

l)=4[16r 8 +(24m+24)r* +(10m* +24m+16)r+fm 8 
+ 5tfi a +8m+4)] , 

[^ i .r)+^(r-l)][i^(r)-^(r-l)]=16[128r 1 +448(m+l)r« +(624m* 
+l344m+896)r 5 +(440m 8 + 1560m* + 2240m + 1120)r* + (164m* 
+880m* + 2080m* + 2240m + 896)r 8 + (30m 5 + 246m* +880m* 
+1560wt* +I844m+448)r* + (2m 5 +S0m 8 +16M* +440m 8 
+ 624m* + 448m + 128)r + (m 8 + 10m 5 + 41m * + 88m 5 + 104m • 
+64m+16)] ; 

{H} =|[^(r)^(r+ 1) —f(r— 1)^-2)]- [i ],(r) + if,(r + l)][$(r) - ^( r _ y] 

=8[1152»- 5 +28uO(m+l)r* + (2656m* +5760m+3968)r 8 +(llo4^> 

+ 3984m* +5952m+S072)r* + (196m* +H04m* +2736m* 
+3072m+1280)r + (10m 8 + 98m* +376m‘ + 704m* 
+640m+B24)]. 

0(r)6(r+2) =r* + (4m + 20)r T + (6m* +70m+170)r 8 +(4m 8 +90m* 

+ 510m + 800)r 5 +(m* + 50m 8 + 545m * + 2000m + 2278 )r* + (10m* 
+ 240m* + 1700m * + 4546m + 3980)r a + (85m* + 5 50m 8 + 2869m* 
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+ 5970m + 4180) r* + (50m 4 + 596m 8 +■ 2470m 4 + 4180m + 2400)r 
+ (24m* + 240m 8 + 840m* + 1200m + 576) ; 

6(r— 2)0(r— 4) =r 8 + (4m— 12)r 7 + (6m* — 42m+58)r 8 + (4m*— 54m* 
+174m— 144)r 8 + (m*— 30m 8 +185m*— 360m+193)r* + (—6m* 
+80m 8 —300 m* + 386m— 132)r 8 + (11m*— 90m 8 +229m* —198m 
+ 36)r* + (— 6m* + 36m 8 — 66m * + 36m)r j 
6(r)0(r+2)—6(r—2)6(r—4i)=z32r 7 + 112(m + l)r a + (144m* +336m 
+944)r 8 + (,80m 8 +360m* + 2360m +208O)r* + (16m* +160m 8 
+ 2000m* +4160m+41l2)r 8 + (24m* +640m 8 +2640m* +6l68m 
+4144)r* + (56m* + 560m 8 +2536m* + 4144m +2400)r+ (24m* 
+240m 8 + 840m* +120um+ 576) ; 

9* W-0* (* 2) = [0(r) + 0(r-2)][6(r)-0(r-2)]=16r 7 +56(m+iy 
+ (72m* + 168m f 184)r 8 + (40m 8 + 180m* +460m +320)r* + (8m* 
+80m 8 +392m* +640m+360)r 8 + (12m* +128m* +408m* +540m 
+248)r* + (12m* +88m 8 +228m* +248m+96)r+ (4m* +24m 8 
+ 52m* + 48m +16) ; 

{lH}= S *[%)^(r+2)-2{fl*(r)-e*(r-2)}-fl(r-2)«(r-4)] 

e=f y [576r 8 +1440(m+l)r*+(1216m*+2880m+3392)r*+(384m* 

+ 1824m* + 5088m +3648)r* +(32m*+384m» + 2080m* 
+3648m+2208)r+ (16m* + 192m 8 + 736m* + 1104m + 544)] j 
s±36r 8 +90(m+l)r* + (76m* + I80m+212)i** +(24m* +114m* 
+3l8m+228)r* + (2m* +24m* +I80m* + 228m + 188 )r+ (m* 

+ 12a 8 +46jn* +69^+34). 



Calculation of stark effect 


123 


$(»•)#•+ 2) =4[4r 8 + (l6m+72)r' + (25m* + 252m + 556)r 8 + (19m* 

+336m* +1668m+2400)r s +(7m 4 +210m 8 +1842m 3 +6000m 

f 6316)r 4 + (m 8 + 60m 4 + 904m 3 + 5256m 3 + 12632m + 10344)r* 

+ (6m 8 + 185m 4 + 1884m 8 +8201m 3 + 15516m + 10260)r 3 +(llm» 
+240m 4 +1885m 8 + 6600m 3 + 10260m + 5616)r+ (6m 8 + 108m 4 

+714m 8 +2124m*+2808m + 1296)] , 

0(r- 2)<Kr-3) =4[4r 8 + (16m -4o> 3 + (25m 1 -I40m + 164)r 8 
+(19m* — I86m* +492m— 352)r 8 + (7m 4 — 115m* +537m 3 
—880m + 416) r* + (m 3 — 32m 4 + 254m 8 — 748m 3 + 832m — 256)r * 

+ ( — 3m 8 + 47m 4 — 242m 8 +500m 3 -384 m + 64)r* + (2m»-22m 4 
+ 84m 8 — 128m 3 + 64m)r] ; 

tV^W^+2) -0(r-2)t(r-3)] =|[112r 7 +392(w + l)r» +(522m 3 
+ 1176m + 2752)r » + (325m 8 + 1305m 3 + 6880m + 5900)r 4 
+ (92m 4 + 650m 8 + 6004m 8 + 11800m + 10600)r 8 + (9m 8 + 138m* 
+ 2126m 8 + 7701 m* + 15900m + 10196)r* + (9m 8 + 262m 4 
+ 1801m 8 + 6728m* + 10196m + 5616)r + (6m 8 + 108m 4 +7l4m* 
+2124m*+2808m+l296)] ; 

6(r)$(r + l)=4[4r 8 + (16m + 56> 7 + (25m* + 196m + 340)r« + (19m 8 
+262m* + 1020m + 1168)r 8 + (7m 4 + 165m 8 + 1133m* +2920m 
+2480)r 4 +(m 8 +48m 4 +566m 8 + 2584m* + 4960m + 3328)r 8 + 
(5m 8 + 121m 4 + 956m 8 + 3272m* +4992m+2752)r* + (8m 8 
+132m 4 +792m 8 +2176m* +2752m+1280)r+(4m 8 +52m 4 
+256m* + 592m,* + 64%+ 266)] { 
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tf(r-^(r-2)=4[4r» + (16m-24)r 7 + (25 m» -84m +60)»- 8 +{19m 8 
+ 180m -80> 5 + (7m* -70m 3 + 198m* -200m+56)r* 

+ (m 5 -20m* + 96m 3 -172m* + 120m -24)r 8 + (-2m 8 + 19m* 
—58m 8 + 73m 8 —36m + 4)r a + (m 8 — 6m* + 13m 8 — 12m 8 + 4m)] ; 
i[^(r)^(r+l)-tf,r-2) l /r(r— 2)]=80r 8 + 280(m + l)r* + (374m 4 
+840m + l248 Jr 8 + (235m 8 + 935m J + 3120m + 2420)r* + (68 m* 
+470m*+2756m 8 + 4840m + 3352)r 3 + (7m 8 + 102m* + 1014m 8 
+ 3199m* + 5028m + 2748)r* 4- (7m 8 + 138m* + 779m 8 + 2l88m‘ 

+ 2748m +2748m+1280)r+ (4m 8 + 52m* +256m 8 +592m* 

+ 640m +256) , 

^OO0(r+l)=4[4r 8 + (16m+56)r 7 + (25m 8 + 196m +332)r 8 (19m 8 
+264m 8 +996m+1088)r 5 + (7m* +170m 8 +1122m 8 +2720m 
2156)r* + (m 8 + 52m* + 584m 8 +2456m 8 +43l2m+2648)r 8 + (6m 8 
+137m* + 964m 8 + 2921m 8 +3972m + 1972 )r 8 + (Urn 8 +I52m* 
+765m 8 +1792m 8 +1972m+816)r+(6m 8 +60m* +234m 8 
+444m 4 +408m+144)] , 

fi*—' l)6(.r- 8)=4[4r 8 + (l6m-24)r 7 + (25m 8 -84m+52)r 8 +(l9m 8 

— Il4m , + 156m— 48)r 8 + (7m*— 75m*+l?7m i -*-l20m+i6)r* 

+ (m 8 — 24m* +94m 8 — 108m 8 +32m)f* +(-»3 fn‘ + 23m 4 + 42m 8 
' +E0m 8 )f ,8 +(2m 8 -»6m*+4m 8 )r] j 

t[f(»W*+ aa$[8t»* +280(m+l)f« + (378m 8 

■ +840m+ll&8)r* + (246m* +94Bm* +884om+2140)»‘ 4 +(76m* 
40om*4 ! 25tf4m*+4S8Om+28^3}»‘* » (9m 8 +ii4m*+i006m 8 
+290lm’ 8 + 8972m +1972)** + (9m 8 +l58m« +7£lm* +1792m 8 
+1972m+816>+ (6m 8 +6Dm*+284m» +400W+144)] 
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ty( r )_^( r _l)P (r _ 1)]=4[l6r7 + 56(m + l)r» + (74m‘ + 168m+80)r- 

+ (45m/ + 185m * 4 200m4 60 )r* 4 (12m 1 4 90m* 4 172m* 4 120m 
24)i-*4(m 8 4 18m 1 4 58m * 4 73m* 4 36m 44 )r* 4 (m » 4 6 m 1 
4l3m # 4ia»i*44m)r], 

|^(r) —$(r—2) ] \jj/(r) + f (r- l)]=2[64r 7 4224(m4l)r 8 4 (304m* 

4 672m,4480)r» 4 (?00m* 4 760m* 4 1200m 4 640)r‘ 4 v 64m* 
4400m* 41080m* 41280m 4 576),-* + (8m • 4 96m 1 4420m* 

4 860m* 4 864m 4 336)r » 4 (8m « 4 64m 1 4 220m* 4 388m* 4 336m 
4 112)r4 (2m 5 4 16m 1 4 50m» 4 76m* 4 56m 4 16)] , 

im+0(r-2)]ty(r)-f i-l)]=32i-* 4H2(m + l)f 4 (148m* + 336m 
4 35 4)r 8 4 (90m* 4 370m * 4 880m 4 600)r 1 4 (24m 1 4 l$Qm* 4 784 m 1 
4l20Qm4592>* 4 ( 2 m 8 436m 1 4296m*4806m*4S§8m4344)r* 
4 ( 2 m 8 4 44m 1 4 200m* 4 396m ' 4 344 m 4 ll 2 > 4 ( 2 m* 4 l 6 m 1 
4 50m* 4 76m * 4 56m 416) , 

{IV} =is[6(rW{r+2)-6(r-'2)t(r-Z)-] 4 i[0(^(r41) -0<>-2) 
f (r- 2)] 4 '(r4 1) -^( 1 — 1)0 (r- 3)] - ^( r ) -^( r -l)] 

[%- 1 )] +l[6(r)-6(r-2)][f(r)+i{ l (r-l )] -r£[%) 40 ^ 2 )] 

=s2048r 8 4 5120 (m 41)»- 1 4 (4544m* 4l0240m 4 8576)r*‘4(1696m* 
46816m* 4 12864m 4 7744)r» 4 (240m 1 4 1696m* 4 5600m* 

4 7744a 4 3904)r 4 ( 8 m 8 4 120m 1 4 656m * 4 1664m * 

4 1952014882}, 
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APPENDIX m 

A, +J — Ar=6(2r+m+2) ; A r-1 — A, =— 6(2r+m) • 

Ar+i— A r =12(2r+w + 3) , A,_ t — A, = — 12(2r+m— l)t, 

Vr+x/r(± f + 1 -A.f ) * = 144t/f (r) (2r + m + 2) 8 = 144[16r 8 + 48(m + 2)r 8 
+(56m 8 +240m+240)r* + (32m 8 + 224m 8 +480m+320)r 8 + (9m* 
+96m 8 +336m 8 +480m + 240)r 8 + (m 8 + 18m* + 96m 8 + 224m* 
+240m+96)r+(m'+9m*+32m 8 +56m 8 +48m+16)] , 
t-i(A r _ l — A«)* = 144i/f(r — 1) (2r +m) 8 =144[16r 8 +48m»' 8 
+56m 8 r*+32m 8 r 8 +9m*r 8 +m 8 r] , 
{V}=8', +i y r (A r+1 -A r ) a -8 , I .y r _ 1 (A r . l -A,)*=144[96r 8 

+240(m + l)r* + (224m» +480m + 320)r 8 + (96m 8 + 336m 8 +480m 
+ 240)?** + (18m * + 96m 8 + 224m * + 240m + 96)r + (m 8 + 9m* 
+82m 8 +56m*+48m+16)l , 

T«'r+a^'»(Ar+ > “A r )‘=18 6(r) (2r+m + 3)*=l8[4r 8 +12(m+3)r 8 
+ (13m 8 + 90m + 133)r * + (6m 8 + 7 8m 8 + 266 m + 258 )r 8 + (m* 

+ 27m 8 + 172m 8 +387m + 277 )r 8 + (3m* + 39m 8 + 165m 8 + 277m 
+ 156)r + (2m* + 18m 8 + 58m 8 + 7 8m + 36 ) ] , 
rfi r-i(A r _, — A r ) 8 =180(r— 2) (2r+m — l) 8 =18[4r 8 + 12(m — l)r 8 
+ (13m 8 — 30m+13)r* + (6m 8 —26m* + 26m— 6)r 8 + (m* —9m 8 
+ 16m 8 -9m + l)r 8 + ( — m* + 3m 8 — 3m 8 + m)r)] , 

{Vl}=i|V , +1 ^ r (A, + , - A,) 8 r _ t (A — A,) 8 ]=18[48r 8 

+ 120(m + 1 )r* + (104m 8 + 240m + 264)r s + (86m 8 + 156m 8 + 396m 
+276)r* + (4m* +36m 8 + 168m 8 +276m + 156)r+ (2m* + I8m 8 
+ 58m 8 + 78m + 36)] 

(2r+m)(2/-+m + l)(2r + m + 2) =8r‘ + 12(m + l)r 8 + 2(3m 8 + 6m + 2)r 
+m(m. 8 + 3m+2)j 
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CALCULATION OF STARK EFFECT 

(2r+m)(2r + m-l)(2r + m-2)=8r»+12 m-l),» + 2(3m*-6m+2)r 

+m(m i — 3m+2) , 

(2r+ m + 2) (2r +m + 3) (2r + m + 4 j =8? * + 12(m + 3 r s + 2(3m* + 18m 
+ 26)r+(m 8 + 9m a + 26m + 24) , 

(2r+m + 2)*(2r+m + 4)=8»* + 4(3m + 8)r 3 + 2(3m a + 16m+20,r 

+ (m»+8m*+20m+16), 

(2r+m)*(2r+m— 2)=8r* +4(3m— 2)r 4 + 2l3m 2 — 4m) + (m*—‘ 2m*) , 
{ViI}=24[W, + W r _ a — 4W r _,], 

where 

w *si9(r)[(2r+m+2)(2r+m+3)(2r+m+4)(2»-+m+2)*(2r+m+4)], 

W r _ a &0(r—2)[(2r+m)(2r+m—l)(2r+m—2) (2r+m) a (2r+m-2)] , 
l)[(2r+m)(2r+m + l)(2j-+m+2)] , 

W r =1 6r T + (56m+ 164)r° + ( 76m* + 492m+708)r“ + (50m* + 557 m > 

+ 1770m+1668)r* + (16m* + 294m» + 1602m* + 3336m+2316)r» 

+ (2m • + 71 m* + 633m* + 2259m 4 + 3474m + 1896)r* + (6m " 

+ 101m* +591m* + 1562m* + 1896m + 848)r , 

W f _ a =16r T + (56m— 52)r° + (76m 4 — 156m + 60>“ + (50m* — 177m‘ 

+ 150m-28)r* + (16m* -94m* + 134m* -56m +4)r» + ^2m» 

—23m* + 5lm* —35 m* + 6 m)r* + (— 2m" + 7m* —7m* +2m*)r , 

W r _, =8r r +28(m+l)r° + (38m* + 84m+36)r» +(25m» +95m* 

+ 90m + 20)r* + ( 8m* + 50m* + 80 m 4 + 40m + 4)r * + (m* + 12m* 

+ 30m* + 25m 4 + 6m)r* +(m* + 4m* + 5m* +2m* )r , 

{VII} =24[624r* + 1560(m+ l)r* + (14l6m 4 + 3120m+ 2304)r* 

+ (564m*+2124m* + 3456m+1896)r 4 + . 92m* +i564m»+l§56m* 

+ 1896m+848)r+(4m» + 46m* +202m* + 424m 4 + 424m +160)] 

18 
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APPENDIX IV 

i a 21378»* — 53445(m + lire 8 + (48996m* + 106890m 

+76850)n* - (20040m 5 + 73485m.* + 115275m+61830 n 
+ (3453m* + 20040m 3 + 52449m* +6 1830m +27073) 

— 106890»*» 1 », +106890(m+l)nw l « s + 106890«*»* -(40080m* 
+ 106890ot + 123660)m 1 » s + . . (1st part) 

1296[34»*-51(m + l)»-102« l M,+2lm*+51m+35][«*-2(m+l)» 
+ (m+l)'-4n 1 M a ]-l62[M*-2(m + l>+(m+I)*-4M 1 n a ] 
[250»* — 250(m+ 1) n — 500n , n, + 82m * + 250m + 278] 

— 9[34»*-51(m+l)w-102» 1 »,+21m* + 51m + 35]*-13608[»* 

— 4(m+l)»*+6 m+l)*M*— 4(m+l) 3 n+(m+l)*-8rt*M 1 M a 
+ 16(m+l)»n 1 » 9 -8(m + l)*M 1 » a +16w*«*] (2nd part) 
={lst part} + 1296[34 m* — 1 ] 9(m + 1)m* + ( 157m* + 323m+ 171 )m* 

— (93m 3 +297m*+325m+121)«+(m + l)*( 21 m* + 5lm+35) 

+408«*»*-238«*» 1 », +408(m+l)«» lWa - (186m* + 408m 
+ 242)n 1 w a — 162 [250 m* — 750 (m + 1 )m 5 + (832m* + 1750m 

+ 1028)n'-(m+l)(414m*+1000m+806)« + (m+l)*i 82 m* 

+ 250m + 278)] - 1500 m *m t m a + 2000 (m + 1)mm x m a — (828m • 
+2000m+1612)M,M a + 2000m*m*— 9[1156m* -3468(m+l)n» 

+ (4029m* + 8670m + 4981 )»• -(2142m 3 + 7344m* + 8772m 
+ 3570)» + (441m* + 2142m* + 260lm* 4 357 0m + 1125) 

+ 10404M*M*-6936M*M l n,+10404(m + l)MM l w a — (4284m* 

+ 10404m + 7140)» 1 « J — 13608 [m* — 4(m+ l)w* +6(m + 1) *m* 

-4 m+l) 5 M+(m + l)*— 8m*m 1 m, + 16(m + l)»M,« a 

8 (m+J) a w 1 n 1 
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Oollscfcing coefficients of n‘,»' .. we obtain ; 

T(ra,m)=»*{21378 + 1296 34-162 250-9 1156-13608} 

-» 8 (ot+1) {53445 + 119 1296-162 750-9 3468-4 13608} 

+ » a {48990m* + I06890m+ 76850 + 1296(157m a +328m 
+171) — 162(832m* + 1750m + 1028)— 9(4029m* +8670m+4981) 
— 13608 6'm*+2m + l)}—«{20040m s +73485m*+U5275m 
+ 61830 + I296(93m 8 + 297m a + 325m + 12 1 ) - 162 (4 14m 8 
+ 1414m 4 + 1806m + 806) -9(2142m 8 + 7344m * + 8772m 
+ 3570)— 4 13608 m 8 +3m* + 3m + l)} + {(3453m* +20u40m 8 
+ 52449m a +6l830m+27073) + 1296(m + l) a (2lm a +5lin.+35 
-162(m+l)*(82m*+250m+278)-9(441m*+2l42m 8 
+ 2691m* + 3570m + 1125 ) -I3608(m +1')*} +ri\nl {106890 
+ 1296 408-162 2000-9 10404-16 13608} +n*n 1 n i {- 106890 ' 
— 1296 238 + 162 1500+9 6936 + 8 13608} + mi l w,(m + l 1 
{106890+1296 408-162,2000 - 9 10404-16 18608} 

-n {(40080m* + 1 06890m + 128660) + 1296(186m a +408m 
+ 242) — 162(828m a +2000m+1612)-9(4284m a + 10404m 
+7140)— 8a8608(m+l)*}. 

=930»* — 52 5 (m+ l)» s + (— 28 lm * + 672m + 5458 )n* — — 210m • 
-53m* + 1059m +1512)»+ (-192m* -210m 8 + I2840w a 
+ 15l2m+8664)+294wI»5~1050 ft,, *i w » + 294(m+l)«n 1 », 

— (— 4-’0m* + 294m + 8024j» l « i . 
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APPENDIX V* 

Notation : (n{,n{,m f + 1)< — (»!,»!, m* +1) , (d=d 0 x 10**) 

(liiK— (Oil ) 

ti o=I ) {930{3'*— 2'*)— 525(3' 8 — 2' 8 ) + 5453(3’*— 2") 

—1512(8"— 2")+3664(3 l0 —2'°)+2943 l0 — 1050 S'* +2948" 
—3024 8 10 } =D{98062 3' 0 —33132 2'°}=D 10 9 (5, 79047 
-0,0039272) =2,5746 10“ 3 7 5,78665 =1,485 IQ -* 8 
( 102 )< — ( 002 ) : 

d o =D{930(3"— 2")— 526,2 3’ 8 — 2' 8 ) + 5894(3'*— 2'*) 
—2898(3"— 2") +17614(3 10 — 2' °)} = D{108956 3*° 

— 418742'°}=D 10° (6, 43316-0, 042877)=2, 6746 10“" 
6,39029 =1,642 1Q ~ 8 8 
(201 )<— (301 ) 

<* o =D{930(3'*-2")-525(3' 8 -2' 8 )+5453(3'*-2") 

—1612(3"— 2")+3664 8 10 — 2'°)} 

D{1093603'°— 33132 2'°}=D 10 9 (6,4576-0,0393) 

=2,6746.10“* 7 6,4183 = 1,649 10 ~ 88 . 

(003)<— -'002) • 

^o=D{930,3 14 —2 1 *)— 525(3 3 18 — 2 2 18 ) + (— 231 2* 

+ 672 2 + 5453)3 1 1 — ( —281 1 4 + 672.1 + 5453)2' * — ( — 210 2 8 
-03 2* + 1659 2 + 1512)3 " - ( -210 1 8 -63 1» + 1649 
+1512)2" + (—192 2*— 210 2 8 + 12840 2* +1612.2 +3664)3'° 
-(—1921*— 210 1 8 +12840 1* +1512 1+3664)2'°} 

=D{183288 3'°— 41874 2* °} =D 10® (7,87053 - 0,042877) 

=2 5746 10“* 7 7,82776= 2,032 10~ 88 . 

* In the following calculations Chamber’s seven-figure loganthm-iable was used 

in the final results less figures were given to a good approximation 
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(111 K— (002 ) 

d 0 =D{930(3 1 * — 2 1 *)— 525(3* “ —2 1 1 ) + 5453 3 1 8 —5894 2 * 

-1512 3” +2898 2 1 » + 3664 3'° -17614 2*« +294 3 l a 1» 

—1052 3° +294 3' 1 -3024 3 1 0 } 

= D{98062 3 1 o —56072 2 1 ° } = D 10° (5,79047 -0,0574 177; 

=2,5746 IQ- 8 8 5,7330523= 1,449 lQ- a « 

(102H — goi) 

^ o = D{930(3 1 *—2 1 *)— 525(2 3 1 ® - 2 l s ) +5894 3 1 -*— 5453 2 11 
-2898 3 ll + 1512 2* 1 + 17614 3 1 0 -3664 2* ° } 

=D{ 108946 3 1 0 —33132 2 10 }=D 10» (6,43316 -0,30927) 

=2, 5746.10 -47 .6, 3992= 1,647 10~»« 

(2iiK— (Oil) : 

<i o =D{930(4 1 *-2 1 *)-525(4 l8 -2 l *)+5453(4 78 -2 1!1 )-l5i2(4it 
— 2 11 )+3664(4 l °— 2 IO )+294 2 a l a 4 1 o_l050 2 1 4* a +294 2 1 4> > 
-3024 2 1 4* °} 

=D{253224 4 l ° —33132 2' 0} = D.10* 1 (2,65524-0,00039272) 

=2,5746 10~* 11 .26485= 0, 683 lQ- a « . 

(202K— (002) ; 

i o =D{930(4 1 *— 2'*)— 525 2(4'» — 2 ia ) + 5894 4' a — 5463 2 ,a 
-2898 4' 1 +1512 2* 1 + l7614.4'°-3664 2 i°} 

=D{275706 4 1 0 —41874.2 ' 0 } =D 10 1 1 (2,89093- 0,00042877) 

=2,5746 l0- a » 2, 8905=0, 7428, IQ" 7 * 
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(301 H— (101) ; 

d 0 =D{930(4 14 —2 14 )— 525(4 1 8 — 2 1 8 )+5453(4 1 » -2 1 a ) 

— 1512(4 11 — 2 ll )+3664(4 l °— 2 10 ;} 

=D{328922 4 10 — 33132 2 10 }=D 10“ (3,44973-0,0003927) 
=2,5746 10"“ 5 3,44934= 0,8863 10~ 34 

(112)4— 'Oil) ; 

d 0 =D{930(4 l4 —2 14 )— 525(2 4“ -2 1 8 ) + (5894 4“-5453 2 3 •) 
-2898 4 1 1 -1512 2 1 1 ) + (17614 4 1 0 —3664 2 1 ° ) + 294 4 1 0 
— 1050 4 1 * +2942 4 11 — 2898 4 10 } 

=D {270954 4 l “ -83132 2 1 »}=D 10 “(2,84116- 0,00039272) 
=2,5746 10“ 8 5 2,840768= 0,729 IQ- 34 
(103K— (002) 

d 0 =D {930(4! * - 2 “ ) - ( 1575 4 1 8 - 1050 2 ” ) + (5873 4 1 3 - 5894 2 ' 3 ) 
-(2898 4 ‘ 3 -2898 2 l 3 ) + (fl.3296 4 1 0 -17614 2* 0 )} 

=D {272952 4 10 -42234 2 10 }=D.10 1 * (2,86211-0,000432476) 
=2,5746.10” 3 3 ,2,86168 = 0,735 IQ- 34 
(211)4— (002) 

d 0 =D{930(4 14 -2 1 4 ) -(525 4 1 8 - 1050, 2* 8 ) + (5453 4 3 3 -5894 2> 3 ) 
-(1512 4 11 — 2898 2 ll ) + (36644 10 — 17614,2 10 )+29444’ 0 
-1050 2 4 1 3 + 294 2 4“ -3024.2 4 1 0 } 

-D{286824.4 1 0 -41874 2'°}=D 10 11 (3,00757 -0,00042877) 
=2,5746 10-*' 3,00708=0,772 IQ- 34 
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(202 i<— (Oil) 

d o =T>{930(4, 1 *-2'*)— (1050 4*»-525 2* s )+(5894 4** — 5453 2 1 ’) 
-(2898 4** —1512 2 1 *) + (17614 4*°-3664 2 10 )} 

=D{ 349998 4 10 — 33132 2*°}=D 10 "(3,66155 -0,00039272) 
=2,5716 10“ >s 3.66115= 0,9423 IQ- 3 * 

(221K— (Oil) 

d o = D{930(5** — 2 11 ) — 525(5 1S — 2 1S ) + 5453(5**— 2*®) 

—1512(5** —2**) + 3664(5* °—2*°) +294 4 4 5*° — 1050 2 2 5** 
+294 2 5**— 3024 2 2 510 10 } 

=D{541542 5 33132,2* °}=D 10* *(5,2884-0,0000339) 
=2,5746 IQ- * * .5,28837 = 13,59 1Q-** 

(212 )<— ( 002 ): 

— — 

d 0 =D {930(5* * -2 1 * ) - 1050(5 * » -2 1 ’) + 5894(5 1 1 - 2 * * ) 

— 2898(5* *— 2* *) + 17614(5*°— 2* °) +294 4 5*° -1050 2 5** 

+294 2 2 5**— 2898 2 5*°}. 

=D{546882 5*° -418742 10 }=D 10 11 (5, 34064-0, 0000428) 
=2,5746 10- ' * 5,8406 = 13,72 lQ-*« 

I 

(311) < — (Oil) . 

d 0 =D{980(5**— 2**)— 525(5**— 2* s )+ 5453(5* »— 2**)— 1512(5 * 

— 2**) +3664(5*°— 2*°)+294 3M* 5*°-1050 3 1 5*» 

+2941 3 1 5**+3024 3 1 5*°} 

=D{585432 5*°-33l32.2*°}=D 10* *(5,7171-0,00003 

i 

=2*5746,10-* *.5,7171=14,7155.10-**. 
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(302)^— (QQ2) 

^o=D{930(5 1 *— 2 1 *)— 525 2(5> 8 -2* 8 ) + (-231 +672 + 5453). 
(5**— 2**)— ( - 210-63+1659+1512) (5 l 1 -2 1 >) +(-192-210 
+12840+ 1512+3664) v 5 l0 —2 10 )} 

=D {600474 5 * 0 —41874.2 1 0 } = D 10 * * (5,864 - 0,000042879) 
=2,5746 10"** 6,864= 15,2939 IQ-** 

(401 K— (101 ): 

<J 0 = ® (930(5 ' * — 2* * ) — 5 25(6 1 8 — 2 ' 8 ) + 5453 (5 * * — 2 * * ) 

— 1512(5 11 — 2 ll )+3664(5 10 — 2 10 )} 

=D{648064 5'°- 13132 2 ,0 }=D 10* 7 (6, 32868-0, 00003) 
=2,5746 10“** 6, 32865 =± 16, 268 10~ a * 

(113H — (002) : 

d o =D{930(5**-2'*)-525(3.5 18 — 2 2' 8 ) + (-231 2’ + 672 2 
+ 5453)5* * -(-231 1* +672 1 + 5453)2 1 * - (-210 2» - 63 2* 

+ 1659 2 + 1512)5 1 1 + ( -210 1 8 - 63 1 4 + 1659 1 + 1512)2* 1 
+ (-192 2*— 210 2 8 + 12840 2 s + 1512 2+3664)5*°-(-192 1* 
—210 1 8 +12840 1* + 1512 1 + 3664)2*° +294 1* l*,5 l ° 

—105011 5* 8 +294 3 1 1 5** — 1 1 5*°(— 420 2* +294 2 + 3024)} 
=D{5*° 646528 -2*° 41874}=D 10* *(5,3372-0,00004) 

=2,5746 10-** 53368 = 13,734 lO" 1 * 

(221) ^ — (002) 

d a =D{930(6**-2>*)- 525(1 6* 8 -2 2* 8 ) +5453 6* * -(-231 1* 
+672 1+6453)2** -1512 6** + (-210 l 8 -631 s + 1659 
+ 15 12)2 1 1 + 3664 5 * ° — ( — 192-210+ 12840+1512+3664 2 * 4 
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+294, 2*.2».5 10 - 1050 2 2.5* *+294.1.5 2.2 5 l «-2 2 8024 5 i0 } 
=D{541542.6 1 0 —41874 2 1 0 } =D.10 1 * (5,2885—0,00004) 
=2,6740.10“ * * .5,2885 =13,6113 10- * 

(212) <—(101) : 

d*=D{930(5 li — 2 1 *)— (2 525 5 1 *— 625 2 ls ) + (58945* * 

—5453 2 1 *)— (2898 5 11 — 1512.2 l!l )+(17614 5*°— 3064,2*°) 

+ (294 2* —2.5* 1050 + 294 2 5.2 -2898.2)5 1 0 } 

=D{549234 5 10 — 33132 2*°} =D10**(5, 36361— 0,0000339) 
=2,5740 10“* *.5,36358= 18 77 1Q-*. 

(203) <—(002) ; 

<2 C =D{930(5**— 2**)— 525(3 5 1 *— 2*®) + (— 231 2*+672 2 
+ 5453)5**— (—231 1* +672 + 5453)2**— (—210.2* —632* ■ 

+ 1659.2 +1512)5 ll + (— 2101 s — 631*+1659+ 1512)2 1 1 + (— 192 2* 
-210 2 * + 12840,2 * + 1612 2 + 3664)5 1 • - ( -192 1* -21Q.1* 

+ 12840 + 1612)2 1 0 } 

=D{570006 5“*°.— 41874.2 l0 }=D 10* *(5,5604-0,00004) 

=2, 5746.10“* *.5,56636= 14,584 10“**. 

(311)< — (002) ; 

<* o =D{930(l5**-2**)-525(1.4>*-2.2*»)+5453 5*»-(-231 
+672 +5453)2* *-1512 5** + (-210-63+1659+15l2)2** 

+ 3665 .5 10 — (192 — 210+ 12840 + 1512 + 3664)2 1 0 + 294 5 i0 3* 1* 
-1040 5 l *.3 1+294 1.5 3 1 5*°-3024 5*®, 3 1} 

-D{567388 5*°-418742*°}=D10**(5, 5409-0, 00005) ' A 
=2,5746 10“»*.5.5408 =14,2653 10“** . 


19 
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d 0 =D{930(5'*-2**)_525(2A--2' »)+(_23l 1+672.1 +5453)5i« 

-5453 2 l * -(-210-63+ 1652+ 1512)5' * + 1512 2» + (- 192 
—210 + 12840 + 1512 + 3664)5 1 0 — 3664 2'“} 

=D {600474 5 l# — 33132 2'“} =D 10“ (5,8640-0,00003) 

=2,5746 10-* * 5,863997=15,093 IQ- • * 


APPENDIX VI 

V 18 * Y= 43_40 > 47A, 7=23039,00 cm-' , J m 1 Millxon-Volt unit 
=1: 

1 it order:— 

v + Av = 23039+1159, 02= 24198, 02 , 

• X- AX=l/(7+ A^)= 1/24198,02 , log (X - A \)= 5,6162202 
X—AX= 4132.57A , AX =207,90 . 

2nd order : — 

7+ aT= 23039+1159,02-130.5=24067,52 , 

" X ~ AX=1 / £+ A“) = 1/24067,52 , log (X- AX) =3,6135689 
X- AX - 4154,981 , AX= 185,49 

3 rd order i — 

v+ A T=23039+1159, 02-130,5 + 29, 30=24096, 82, 

.*.X-AX=1/(T+ A^)=l/24096^2 , log (X- A X) =^6180405 , 
X “ AX=4149,7l , AX =190/77. 
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4th order * — »i 

H* A v= 23039 + 1 1 59,02 — 130,5 + 29, 30-16, 26=24070,80 ; - 
\ A— AA= 1/ (v+ AjO = 1/24079,56 , log (A— AA) =5,6J83514 , 
A-AA=4152,00A , AA= 188,47 


Irf order , — 

7 + Av=23039+ 1152,02(0,6) =23734,41 ; 

A- AX= 1/23734,41 ; log (A- AX) =5", 6246218 , 
A-AA=4213,3A , AX= 127,17. 

2nd order : — 

7 + A v= 23039 + 1152,02(0,6) -130,5(0,6)* =23687,43 , 

•\ A— A A= 1/23687,43 , log (A- AA) =5,6254819 5 
A-AA=4221,65A ; AA=U8,32 

wmmm 

bf • 

3rd order • — 

7+ aT= 23039 + 1152,02(0,6)— 130,5(0,6)* + 29,3(0,6)3 =23693,76, 
;.A-AA=l/23693,76 , log(A-AA)=F, 6253658 ; 

A - AA=4220,52A , A A= 119,95. 

4th order — 

7+ Av=23039 + 1152,02(0,6) - 130)5(0,6) * + 29,8(0,6)* - 
16,26(0,6)* =23693,76-2,1=28691,66 ; 

A- AA=l/2369l,66 j Iog(\- A A) = S’, 6254044 ; 

A— AA=4220,9A ; AA =119,57. 

' (Since my calculations tally perfectly with [those of GWbauer and 
Rausch for the first three orders, exoept for the 2nd order when 5 rs 
l Million- Volt/cm , it is not necessary to show calculations for the 
first three orders So I shall give now calculations for the 4th 
order only). ^ t r 
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4th order ; — 

( i 

7+ Ar** 23039+1159, 02(0, 7)— 130,5(0, 7)* +29, 3(0, 7)* 

—16,26(0,7)* 

=23039+811,314—63,945+10,0499—3,9040=23792,51 , 
AX=1/23792,51 , log (X— AX) =3,6235690 , 
X-AX=4203,03A , AX = 137,44 
J=0,8 : 

4th order ; — 

v + A 23039 + 1159,02(0,8) -130,5(0,8)* +29,3(0,8) » 

-16,26(0,8)* 

= 23039 + 927,216 — 83,520 + 15,0016 — 6 , 659096 
=23891j038 5 

.*.X-AX=1/23891,038, log (A- AX)=$, 6217650, 

A— AX=4185j67A , AX= 154,80 

J=0,9 ; 

4th order j 

v+A v=23039+1159,02(0,9)— 130,6(0,9)*+29,8(0,9)» 

-16,26(0,9)* 

=23039+1043jH8— 105,705+21,3597— 10,668186 
=23039+ 948,1=23987,1 , 

X— AX= 1723987 , 1 , log (A — AX) = 5,6200223 } 
x -AA=4168,9llj AX= 171,56 

My best thanks are due to Prof. S. N Bose, Dacca University who 
helped me a great deal when the problem was taken np in 1931 


Boll., Oal Math Soc , Vol. XXYI, X os. 3* 4 (1934). 
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Waking’s Problem for Cubes 
by 

Look-keng Hua *—(T$mg Hm). 

(Communicated by B S Ray). 

The authort made use of the ternary quadratic form 
x*+2y*+bz* 

to prove that 

All large integers are sums of eight values of 
0-3?+. ^ jr— * a^O integer ; 

and 

All large even integers are sums of eight values of 

o-x+ ~Q® , integer. 

Landau} made use of the ternary quadratic form 

« t +y*+«* 

to prove that 

All large integers are the sums of eight values of positive cubes. 

It is the purpose of this note to prove Landau’s result by the 
quadratic form 

» a +2y*+5**. 

Lemma 1. If p is a prime e 2 (mod 3), then every integer prime 
to p a cubic residue (mod p 5 ). 

Lemma 2 If a is an arbitrary integer, then there exists a y snoh 
that 

f 

* Research fellow of the China Foundation for the Promotion of Education and 
Culture. 

+ Math* Ann (Current number) 

* Math. Ann . Yol. 66, p. 102 
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a— y 3 sO (mod 6), 
a— y 3 =£0 (mod 5), 

and 

°^y^ so 


Lemma 3 If n is sufficiently large, there exists 
(mod 3) such that (to, p)=l and 



prime pe2 


Proof of the theorem By Lemma 3, for to sufficiently large we 
have a prime ps2 (mod 3) such that (to, p)=l and 


270 p 8 ^ ^ 274p 8 . 


By Lemma 1, there exists 


an integer /? such ‘that 


Therefore 


When » is 


269p s ^p»M<274p», 

269p«^M<274p«. 

P*^M-2S8p»<6p 8 

sufficiently large, p 8 ^30 8 By Lemma 2 (a=M— 268p«), 
6p« >M-268p» =y»+M, 


M^O (mod 5), Mil aOX'mod 6) 

Therefore 

M l =s6(A*+2B*+SO*) 

' ' J Hence Tor sufficiently large w 

»=)3*+p»M=p»(268p»+y 8 +M l ) ; 

c — 0*+i> 9 (268p 8 +8 8 y 8 +6(A 8 + 2B‘+5O ! ')) 

=0 9 + (py) 9 + (p 9 +A) 8 + (p 8 — A) 8 + (2p*+B)*+<Bp«— 8)* 

4(5p»+C)‘ + (V-C)» 

Sinoe, Mj<6p a , |A|, |Bf, |C| are less than p 8 Hence the argument 
lathe above expression are all positive. 

\ 

Bull Oal Hath Soo., Yol XXVI, Hos 3 & 4 (1934). 
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Uebergewis sb Fragen der Zahlentheorie 

BV 

A Mosner — (Nurnberg) 

(Communicated by the SecTetaty) 

I. Es ist 

8*+19 n +22 n =10"+15* + 23 n , w =2und w =6. 

^Wie heisst die allgememe Losung zur Equation P 
A n +B n + C*=D B +E n +F n ’ and »=6. 

II. Es ist 

2(7* + l4*):=:(— 1)»^2 h +4* + 10 w + 12” + 15* 

Ist die Equation 1, 2, 8, 4, 5. 

2(9-+H-)=I; + I..+i; + i; + i . +i . „ =ll 3 , 3 , 1,5 
Ioshar mit ganzen positiven zahlen P 

III. Es ist 

33* +33* +11* =22* +22* +11* 

33* +33* +11* =22* +22° +11* 

Wie heisst die allgememe Losung zur Equation P 

k*+k*+l*=m*+m*+l* 

K*+K*+L*=M*+M®+L b . 


Bqll Cal Math. Soc., Vol, XXVI, No 3 <fc4. 



CORRECTIONS 

On certain definite Integrals involving Bessel Functions of the 
order aero by Dr 8 G Ultra, Vol. XXVI, No 2, pp (81-36) 

P 51 6th line from the bottom 

CO 

for S'- +-$-OOK„ + |(*) am 2Jcz dz, 

0 

05 

please read S' »+£(*) K»+-J-(z) COS 2 kz dz 
0 

5 th line from the bottom 

faff P„(l-2y*)e-*»* B m2fe dydz, 

0 o 

« 1 

please read J j ? n {l~-2y*)e-"" cos 2hz dy dz 

0*0 

P 52 Equation (7) 

for I* + ^(s) please read I H+ |(tf), 

P 54* Equations (16) and (18) 

for 4tn+2 please read 4n+l 
P 55, 1st line 

for e~* please read e" fl * 


Bull Cal* Math, Soc., Vol XXVI, Sob 3* 4 (1934), 



